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We consider a swimmer consisting of a collinear assembly of three spheres connected by two
slender rods. This swimmer can propel itself forward by varying the lengths of the rods in a way
that is not invariant under time reversal. Although any non-reciprocal strokes of the arms can
lead to a net displacement, the energetic efficiency of the swimmer is strongly dependent on the
details and sequences of these strokes, and also the sizes of the spheres. We define the efficiency of
the swimmer using Lighthill’s criterion, i.e., the power that is needed to pull the swimmer by an
external force at a certain speed, divided by the power needed for active swimming with the same
average speed. Here, we determine numerically the optimal stroke sequences and the optimal size
ratio of the spheres, while limiting the maximum extension of the rods. Our calculation takes into
account both far-field and near-field hydrodynamic interactions. We show that, surprisingly, the
three-sphere swimmer with unequal spheres can be more efficient than the equally-sized case. We
also show that the variations of efficiency with size ratio is not monotonic and there exists a specific
size ratio at which the swimmer has the highest efficiency. We find that the swimming efficiency
initially rises by increasing the maximum allowable extension of the rods, and then converges to a
maximum value. We calculate this upper limit analytically and report the highest value of efficiency
that the three-sphere swimmer can reach.
I. INTRODUCTION
Optimal swimming at small scales has been an immense topic of interest due to both its application in biomedial
engineering [1], and the possible insight it may provide into evolutionary processes of microorganisms [2, 3]. From
the beating pattern of a single cilium [4, 5] to the body shape of a microorganism [6], efficiency has been shown to be
a key factor in better understanding the realm of microorganisms.
Efficiency is also important for artificial swimmers. While for diffusiophoretic swimmers efficiency is often discussed
from thermodynamical perspectives [7–9], for swimmers that rely on body deformations (or strokes) for locomotion,
swimming (or hydrodynamic) efficiency is used as a measure for optimizing the propulsion mechanisms [10–12].
Specifically, energy dissipation scales quadratically with speed, and so fast propulsion necessitates optimal swimming
strokes. These strokes, to be able to have any net effect, must be nonreciproal: they should not remain unchanged
under a time reversal. This constraint, colloquially referred to as the scallop theorem [13], stems from the absence of
inertia and the consequent linearity of the field equations. Within the past few decades, several theoretical models
have been proposed that can evade this constraint, either with the aim of explaining the swimming strategies of
microorganisms [14, 15] or finding the simplest techniques for locomotion (see [16] for a review). Among these, the
Najafi-Golestanian three-sphere swimmer has proven quite useful in manifesting a simple approach for creating a
nonreciprocal motion, using only two degrees of freedom [17]. The swimmer consists of three equally-sized spheres
connected by two vanishingly-thin rods. This collinear assembly propels itself forward following a four-step motion
wherein the rods change their length between two prescribed values in a nonreciprocal fashion. After a full cycle, the
swimmer thereby returns to its original configuration, but has translated forward [18]. Owing to its simplicity, many
have adapted/extended this model swimmer to further investigate the propulsion mechanisms: from the experimental
realization [19, 20], to including near-field effects of a finite sphere size [21], to introduction of elasticity (in the rods
[22, 23], spheres [24], or fluid [25]), an adjacent wall [26, 27], reinforcement algorithms [28], or even inertia [29–31].
The stochastic adaptation of this swimmer has also been used to describe the molecular swimming [32–34] and the
motion of enzymes [35, 36].
The efficiency of the three-sphere swimmer with minimal arm-length variations (as originally proposed [17]) is
relatively low [37], and so optimizing this swimmer has also attracted some attention [38]. In a series of studies [39–
41], Alouges and coworkers looked into optimal strokes for axisymmetric swimmers at low Reynolds number, taking
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2the three-sphere swimmer as one of their primary models. By casting the optimization problem in the language of
control theory, they discussed the optimal strokes for the swimmer with equally-sized spheres, for which the translation
per period is prescribed. In this work, we intend to relax this constraint and look at the maximum feasible efficiency
of the three-sphere swimmer when it is allowed to select not only its strokes, but also the radii of its spheres. By
accounting for the full hydrodynamic interactions, we show that there exists a specific size ratio of the spheres at
which the swimmer has the highest efficiency. We also show that the value of this size ratio remains unchanged when
we vary the maximum permissible arm length. We finally look at a limiting case to determine the maximum efficiency
that the three-sphere swimmer can ever reach, and then use it to prove that the optimal size ratio holds even when
the swimmer is allowed to extend its body indefinitely.
The paper is organized as follows: we first introduce the generalized three-sphere swimmer model wherein the
spheres can be of different sizes and the arms can change their length from zero to a maximum that we prescribe.
Then after solving the full hydrodynamic interactions using a boundary element method, we optimize the swimming
strokes and evaluate the variations of the swimming efficiency with respect to the size ratio of the spheres. We then
look into the effects of the maximum allowable arm lengths on the swimming efficiency, and finally introduce a limiting
case that can accurately set the upper limit for the efficiency of the three-sphere swimmer.
II. GOVERNING EQUATIONS
A. Model swimmer
We consider a swimmer comprising of three spheres connected by two rods in an otherwise quiescent viscous fluid
of viscosity µ, as shown in Fig. 1. The spheres on the sides are of radii r1 and the radius of the middle sphere is
r2. The rods, which are hydrodynamically unimportant, are of lengths L1 and L2, and can vary their length from
zero to Lmax. The arms undergo periodic length variations (i.e., strokes) which lead to propulsion of the whole body,
provided they are nonreciprocal. Here, we want to find the specific strokes and size ratio (i.e., r1/r2) that optimize
the propulsion mechanism of the swimmer. For the concept of optimal swimming, we follow the classical work of
Lighthill [15], in which the efficiency is defined as the ratio of the required power to pull the swimmer at a certain
speed and the actual expended one during active locomotion with the same average speed.
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FIG. 1. Schematic of the three-sphere swimmer considered in this study. The swimmer can propel by opening and closing its
arms, and we refer to their instantaneous lengths as L1 and L2.
As the first step, we look into the hydrodynamic interactions between the spheres and then use that to determine
the efficiency. At any instant of the motion, the rods apply forces fAe, fBe and fCe on the spheres A, B, and C,
where e is a unit vector representing the axis of symmetry. Relying on the linearity of the Stokes equations and
defining UAe, UBe, and UCe as the instantaneous velocities of the spheres, we may write the drag law asfAfB
fC
 =
RAA RAB RACRBA RBB RBC
RCA RCB RCC
 UAUB
UC
 , (1)
or in short F = RU . Note that here, R is the resistance tensor mapping translational velocities to forces and is solely
a function of the relative positions of the spheres and their sizes. We assume that the swimmer can indeed swim
without the presence of any external force, and recalling that the motion is overdamped, one can claim
fA + fB + fC = 0. (2)
We can close the equations by defining L˙1e and L˙2e as the relative velocities of the spheres, and so we have
UB − UA = L˙1, UC − UB = L˙2. (3)
3We have now arrived at a system of six equations (Eqs. (1) to (3)) with six unknowns (F and U). Thus, we can
explicitly find the instantaneous forces and velocities of the spheres in terms of L˙1 and L˙2, provided the resistance
tensor is known. Once solved over a full cycle, we can also find the net translation of the system. Defining L˙ =
[
L˙1, L˙2
]
,
the solution takes the form
U = C L˙, (4)
where the 3 × 2 matrix C is a function of components of R, and can be explicitly found from Eqs. (1) to (3). Now,
the Lighthill efficiency reads
η =
6piµreffU¯
2
P , (5)
where the expended power by the swimmer
P = 1
T
∫ T
0
U · Fdt = 1
T
∫ T
0
(
L˙> C>
)
R
(
C L˙
)
dt, (6)
and T is the period. The average speed of the swimmer can be defined as the net translation of any reference point
on the swimmer (e.g., sphere B) per one complete cycle. Thus, we may define it as
U¯ =
1
T
∫ T
0
(0, 1, 0)
> · C L˙dt . (7)
Characteristic for the Stokes hydrodynamics, U¯ only depends on the form of the trajectory and the cycle time, but
not on the details of the velocity profile through the cycle.
The effective radius reff determines the Stokes drag that is used to calculate the equivalent dissipation, if the
swimmer is pulled by an external force with speed U¯ . For a swimmer that undergoes large body deformations,
such as the three-sphere swimmer considered here, the definition of the swimmer’s drag coefficient is not clear. We
choose reff =
3
√
2r31 + r
3
2 as the radius of a sphere with the same total volume as the three spheres of the swimmer
combined. The rationale behind the choice is to use the power needed to transport a spherical cargo of the same
volume as a reference. We note that reff only serves as a scaling factor in Eq. (5) and so using different definitions (e.g.,
reff = 2r1 + r2, which represents the combined drag on the three spheres without hydrodynamic interactions) does
not alter the results qualitatively. Finally, it is important to note that the Lighthill efficiency is independent of period
T and the swimmer size, as one can simply show from (5). Therefore, the length variations profile and the size ratio
uniquely determine the efficiency. We also note that unlike the case of cylindrical swimmers, the Lighthill efficiency
provides a reliable measure for calculating the efficiency of sphere-based swimmers, such as the three-sphere swimmer
considered here [42]. By maximizing the Lighthill efficiency, we will always find the way to move a swimmer with
a given total volume at a given speed with minimal power. Conversely, it will also give us the maximum swimming
speed a swimmer with a given volume and available power can achieve.
B. Computational framework
We discretize the length variations of the rods during one cycle using N time points, and at each segment, refer to
their lengths using Li =
[
Li1, L
i
2
]
, where i ∈ {1, 2, · · · , N}. Our aim is to find a trajectory (i.e., Li) and a size ratio
(r1/r2) that maximizes the efficiency of the swimmer. Under this discretization, we can calculate the translational
speed and the net power as
U¯ =
1
2N∆t
N∑
i=1
[
(0, 1, 0)
> · (Ci + Ci+1)
]
(Li+1 −Li) , (8)
P = 1
2N∆t2
N∑
i=1
(Li+1 −Li)>
(
C>i RiCi + C>i+1Ri+1Ci+1
)
(Li+1 −Li) , (9)
where the index boundaries are periodic (e.g., LN+1 ≡ L1), and ∆t = T/N is the time step.
To find R (and subsequently C), we solve for the hydrodynamic interactions between the spheres by adapting a
boundary element method routine prtcl ax from the BEMLIB library by Pozrikidis [43]. We validate our results
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L˜max = 1
<latexit sha1_base64="pxMbHTWVbLNpFwKe2NBFl3CYz8Q=">AAACAXi cbVDJSgNBEO2JW4xb1IvgZTAInsKMBPQiBLx48BDBLJAMQ09PTdKkZ6G7RhKG8eKvePGgiFf/wpt/Y2c5aOKDgsd7VVTV8xLBFVrWt1FYWV1b3yhulra2 d3b3yvsHLRWnkkGTxSKWHY8qEDyCJnIU0Ekk0NAT0PaG1xO//QBS8Ti6x3ECTkj7EQ84o6glt3yU9ZALH7Lb3O0hjDAL6Si/snO3XLGq1hTmMrHnpELma Ljlr54fszSECJmgSnVtK0EnoxI5E5CXeqmChLIh7UNX04iGoJxs+kFunmrFN4NY6orQnKq/JzIaKjUOPd0ZUhyoRW8i/ud1UwwunYxHSYoQsdmiIBUmxu YkDtPnEhiKsSaUSa5vNdmASspQh1bSIdiLLy+T1nnVtqr2Xa1Sr83jKJJjckLOiE0uSJ3ckAZpEkYeyTN5JW/Gk/FivBsfs9aCMZ85JH9gfP4AU/2XYw= =</latexit><latexit sha1_base64="pxMbHTWVbLNpFwKe2NBFl3CYz8Q=">AAACAXi cbVDJSgNBEO2JW4xb1IvgZTAInsKMBPQiBLx48BDBLJAMQ09PTdKkZ6G7RhKG8eKvePGgiFf/wpt/Y2c5aOKDgsd7VVTV8xLBFVrWt1FYWV1b3yhulra2 d3b3yvsHLRWnkkGTxSKWHY8qEDyCJnIU0Ekk0NAT0PaG1xO//QBS8Ti6x3ECTkj7EQ84o6glt3yU9ZALH7Lb3O0hjDAL6Si/snO3XLGq1hTmMrHnpELma Ljlr54fszSECJmgSnVtK0EnoxI5E5CXeqmChLIh7UNX04iGoJxs+kFunmrFN4NY6orQnKq/JzIaKjUOPd0ZUhyoRW8i/ud1UwwunYxHSYoQsdmiIBUmxu YkDtPnEhiKsSaUSa5vNdmASspQh1bSIdiLLy+T1nnVtqr2Xa1Sr83jKJJjckLOiE0uSJ3ckAZpEkYeyTN5JW/Gk/FivBsfs9aCMZ85JH9gfP4AU/2XYw= =</latexit><latexit sha1_base64="pxMbHTWVbLNpFwKe2NBFl3CYz8Q=">AAACAXi cbVDJSgNBEO2JW4xb1IvgZTAInsKMBPQiBLx48BDBLJAMQ09PTdKkZ6G7RhKG8eKvePGgiFf/wpt/Y2c5aOKDgsd7VVTV8xLBFVrWt1FYWV1b3yhulra2 d3b3yvsHLRWnkkGTxSKWHY8qEDyCJnIU0Ekk0NAT0PaG1xO//QBS8Ti6x3ECTkj7EQ84o6glt3yU9ZALH7Lb3O0hjDAL6Si/snO3XLGq1hTmMrHnpELma Ljlr54fszSECJmgSnVtK0EnoxI5E5CXeqmChLIh7UNX04iGoJxs+kFunmrFN4NY6orQnKq/JzIaKjUOPd0ZUhyoRW8i/ud1UwwunYxHSYoQsdmiIBUmxu YkDtPnEhiKsSaUSa5vNdmASspQh1bSIdiLLy+T1nnVtqr2Xa1Sr83jKJJjckLOiE0uSJ3ckAZpEkYeyTN5JW/Gk/FivBsfs9aCMZ85JH9gfP4AU/2XYw= =</latexit><latexit sha1_base64="pxMbHTWVbLNpFwKe2NBFl3CYz8Q=">AAACAXi cbVDJSgNBEO2JW4xb1IvgZTAInsKMBPQiBLx48BDBLJAMQ09PTdKkZ6G7RhKG8eKvePGgiFf/wpt/Y2c5aOKDgsd7VVTV8xLBFVrWt1FYWV1b3yhulra2 d3b3yvsHLRWnkkGTxSKWHY8qEDyCJnIU0Ekk0NAT0PaG1xO//QBS8Ti6x3ECTkj7EQ84o6glt3yU9ZALH7Lb3O0hjDAL6Si/snO3XLGq1hTmMrHnpELma Ljlr54fszSECJmgSnVtK0EnoxI5E5CXeqmChLIh7UNX04iGoJxs+kFunmrFN4NY6orQnKq/JzIaKjUOPd0ZUhyoRW8i/ud1UwwunYxHSYoQsdmiIBUmxu YkDtPnEhiKsSaUSa5vNdmASspQh1bSIdiLLy+T1nnVtqr2Xa1Sr83jKJJjckLOiE0uSJ3ckAZpEkYeyTN5JW/Gk/FivBsfs9aCMZ85JH9gfP4AU/2XYw= =</latexit>
L˜max = 20
<latexit sha1_base64="SG3siLz1PAa/GS5nBI2qicLKeaI=">AAACAni cbVDJSgNBEO1xjXGLehIvjUHwFGZCQC9CwIsHDxHMAskw9HQqSZOehe4aSRgGL/6KFw+KePUrvPk3dpaDJj4oeLxXRVU9P5ZCo21/Wyura+sbm7mt/PbO 7t5+4eCwoaNEcajzSEaq5TMNUoRQR4ESWrECFvgSmv7weuI3H0BpEYX3OI7BDVg/FD3BGRrJKxynHRSyC+lt5nUQRpgGbJRdle3MKxTtkj0FXSbOnBTJH DWv8NXpRjwJIEQumdZtx47RTZlCwSVk+U6iIWZ8yPrQNjRkAWg3nb6Q0TOjdGkvUqZCpFP190TKAq3HgW86A4YDvehNxP+8doK9SzcVYZwghHy2qJdIih Gd5EG7QgFHOTaEcSXMrZQPmGIcTWp5E4Kz+PIyaZRLjl1y7irFamUeR46ckFNyThxyQarkhtRInXDySJ7JK3mznqwX6936mLWuWPOZI/IH1ucPzP2Xng= =</latexit><latexit sha1_base64="SG3siLz1PAa/GS5nBI2qicLKeaI=">AAACAni cbVDJSgNBEO1xjXGLehIvjUHwFGZCQC9CwIsHDxHMAskw9HQqSZOehe4aSRgGL/6KFw+KePUrvPk3dpaDJj4oeLxXRVU9P5ZCo21/Wyura+sbm7mt/PbO 7t5+4eCwoaNEcajzSEaq5TMNUoRQR4ESWrECFvgSmv7weuI3H0BpEYX3OI7BDVg/FD3BGRrJKxynHRSyC+lt5nUQRpgGbJRdle3MKxTtkj0FXSbOnBTJH DWv8NXpRjwJIEQumdZtx47RTZlCwSVk+U6iIWZ8yPrQNjRkAWg3nb6Q0TOjdGkvUqZCpFP190TKAq3HgW86A4YDvehNxP+8doK9SzcVYZwghHy2qJdIih Gd5EG7QgFHOTaEcSXMrZQPmGIcTWp5E4Kz+PIyaZRLjl1y7irFamUeR46ckFNyThxyQarkhtRInXDySJ7JK3mznqwX6936mLWuWPOZI/IH1ucPzP2Xng= =</latexit><latexit sha1_base64="SG3siLz1PAa/GS5nBI2qicLKeaI=">AAACAni cbVDJSgNBEO1xjXGLehIvjUHwFGZCQC9CwIsHDxHMAskw9HQqSZOehe4aSRgGL/6KFw+KePUrvPk3dpaDJj4oeLxXRVU9P5ZCo21/Wyura+sbm7mt/PbO 7t5+4eCwoaNEcajzSEaq5TMNUoRQR4ESWrECFvgSmv7weuI3H0BpEYX3OI7BDVg/FD3BGRrJKxynHRSyC+lt5nUQRpgGbJRdle3MKxTtkj0FXSbOnBTJH DWv8NXpRjwJIEQumdZtx47RTZlCwSVk+U6iIWZ8yPrQNjRkAWg3nb6Q0TOjdGkvUqZCpFP190TKAq3HgW86A4YDvehNxP+8doK9SzcVYZwghHy2qJdIih Gd5EG7QgFHOTaEcSXMrZQPmGIcTWp5E4Kz+PIyaZRLjl1y7irFamUeR46ckFNyThxyQarkhtRInXDySJ7JK3mznqwX6936mLWuWPOZI/IH1ucPzP2Xng= =</latexit><latexit sha1_base64="SG3siLz1PAa/GS5nBI2qicLKeaI=">AAACAni cbVDJSgNBEO1xjXGLehIvjUHwFGZCQC9CwIsHDxHMAskw9HQqSZOehe4aSRgGL/6KFw+KePUrvPk3dpaDJj4oeLxXRVU9P5ZCo21/Wyura+sbm7mt/PbO 7t5+4eCwoaNEcajzSEaq5TMNUoRQR4ESWrECFvgSmv7weuI3H0BpEYX3OI7BDVg/FD3BGRrJKxynHRSyC+lt5nUQRpgGbJRdle3MKxTtkj0FXSbOnBTJH DWv8NXpRjwJIEQumdZtx47RTZlCwSVk+U6iIWZ8yPrQNjRkAWg3nb6Q0TOjdGkvUqZCpFP190TKAq3HgW86A4YDvehNxP+8doK9SzcVYZwghHy2qJdIih Gd5EG7QgFHOTaEcSXMrZQPmGIcTWp5E4Kz+PIyaZRLjl1y7irFamUeR46ckFNyThxyQarkhtRInXDySJ7JK3mznqwX6936mLWuWPOZI/IH1ucPzP2Xng= =</latexit>
L˜2<latexit sha1_base64="YDx/b9+S HOLp4yL9LCKIz2MbaaM=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBA8hd0g qLeAFw8eIpgHJEuYne1Nhsw+nJkNhGW/w4sHRbz6Md78GyfJHjSxoKGo6qa 7y0sEV9q2v6219Y3Nre3STnl3b//gsHJ03FZxKhm2WCxi2fWoQsEjbGmuB XYTiTT0BHa88e3M70xQKh5Hj3qaoBvSYcQDzqg2ktvXXPiY3eeDrJ4PKlW7 Zs9BVolTkCoUaA4qX30/ZmmIkWaCKtVz7ES7GZWaM4F5uZ8qTCgb0yH2DI1 oiMrN5kfn5NwoPgliaSrSZK7+nshoqNQ09ExnSPVILXsz8T+vl+rg2s14l KQaI7ZYFKSC6JjMEiA+l8i0mBpCmeTmVsJGVFKmTU5lE4Kz/PIqaddrjl1z Hi6rjZsijhKcwhlcgANX0IA7aEILGDzBM7zCmzWxXqx362PRumYVMyfwB9 bnD/Z3ki4=</latexit><latexit sha1_base64="YDx/b9+S HOLp4yL9LCKIz2MbaaM=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBA8hd0g qLeAFw8eIpgHJEuYne1Nhsw+nJkNhGW/w4sHRbz6Md78GyfJHjSxoKGo6qa 7y0sEV9q2v6219Y3Nre3STnl3b//gsHJ03FZxKhm2WCxi2fWoQsEjbGmuB XYTiTT0BHa88e3M70xQKh5Hj3qaoBvSYcQDzqg2ktvXXPiY3eeDrJ4PKlW7 Zs9BVolTkCoUaA4qX30/ZmmIkWaCKtVz7ES7GZWaM4F5uZ8qTCgb0yH2DI1 oiMrN5kfn5NwoPgliaSrSZK7+nshoqNQ09ExnSPVILXsz8T+vl+rg2s14l KQaI7ZYFKSC6JjMEiA+l8i0mBpCmeTmVsJGVFKmTU5lE4Kz/PIqaddrjl1z Hi6rjZsijhKcwhlcgANX0IA7aEILGDzBM7zCmzWxXqx362PRumYVMyfwB9 bnD/Z3ki4=</latexit><latexit sha1_base64="YDx/b9+S HOLp4yL9LCKIz2MbaaM=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBA8hd0g qLeAFw8eIpgHJEuYne1Nhsw+nJkNhGW/w4sHRbz6Md78GyfJHjSxoKGo6qa 7y0sEV9q2v6219Y3Nre3STnl3b//gsHJ03FZxKhm2WCxi2fWoQsEjbGmuB XYTiTT0BHa88e3M70xQKh5Hj3qaoBvSYcQDzqg2ktvXXPiY3eeDrJ4PKlW7 Zs9BVolTkCoUaA4qX30/ZmmIkWaCKtVz7ES7GZWaM4F5uZ8qTCgb0yH2DI1 oiMrN5kfn5NwoPgliaSrSZK7+nshoqNQ09ExnSPVILXsz8T+vl+rg2s14l KQaI7ZYFKSC6JjMEiA+l8i0mBpCmeTmVsJGVFKmTU5lE4Kz/PIqaddrjl1z Hi6rjZsijhKcwhlcgANX0IA7aEILGDzBM7zCmzWxXqx362PRumYVMyfwB9 bnD/Z3ki4=</latexit><latexit sha1_base64="YDx/b9+S HOLp4yL9LCKIz2MbaaM=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBA8hd0g qLeAFw8eIpgHJEuYne1Nhsw+nJkNhGW/w4sHRbz6Md78GyfJHjSxoKGo6qa 7y0sEV9q2v6219Y3Nre3STnl3b//gsHJ03FZxKhm2WCxi2fWoQsEjbGmuB XYTiTT0BHa88e3M70xQKh5Hj3qaoBvSYcQDzqg2ktvXXPiY3eeDrJ4PKlW7 Zs9BVolTkCoUaA4qX30/ZmmIkWaCKtVz7ES7GZWaM4F5uZ8qTCgb0yH2DI1 oiMrN5kfn5NwoPgliaSrSZK7+nshoqNQ09ExnSPVILXsz8T+vl+rg2s14l KQaI7ZYFKSC6JjMEiA+l8i0mBpCmeTmVsJGVFKmTU5lE4Kz/PIqaddrjl1z Hi6rjZsijhKcwhlcgANX0IA7aEILGDzBM7zCmzWxXqx362PRumYVMyfwB9 bnD/Z3ki4=</latexit>
L˜1<latexit sha1_b ase64="72dl+RXcOiN899EIdd6rZm maZyA=">AAAB9HicbVBNS8NAEJ3Ur1 q/qh69BIvgqSQiqLeCFw8eKtgPaEP ZbCbt0s0m7m4KJeR3ePGgiFd/jDf/ jds2B219MPB4b4aZeX7CmdKO822V1t Y3NrfK25Wd3b39g+rhUVvFqaTYojG PZdcnCjkT2NJMc+wmEknkc+z449uZ 35mgVCwWj3qaoBeRoWAho0Qbyetrx gPM7vNB5uaDas2pO3PYq8QtSA0KNAf Vr34Q0zRCoSknSvVcJ9FeRqRmlGNe 6acKE0LHZIg9QwWJUHnZ/OjcPjNKY IexNCW0PVd/T2QkUmoa+aYzInqklr 2Z+J/XS3V47WVMJKlGQReLwpTbOrZn CdgBk0g1nxpCqGTmVpuOiCRUm5wqJ gR3+eVV0r6ou07dfbisNW6KOMpwAq dwDi5cQQPuoAktoPAEz/AKb9bEerHe rY9Fa8kqZo7hD6zPH/Tyki0=</lat exit><latexit sha1_b ase64="72dl+RXcOiN899EIdd6rZm maZyA=">AAAB9HicbVBNS8NAEJ3Ur1 q/qh69BIvgqSQiqLeCFw8eKtgPaEP ZbCbt0s0m7m4KJeR3ePGgiFd/jDf/ jds2B219MPB4b4aZeX7CmdKO822V1t Y3NrfK25Wd3b39g+rhUVvFqaTYojG PZdcnCjkT2NJMc+wmEknkc+z449uZ 35mgVCwWj3qaoBeRoWAho0Qbyetrx gPM7vNB5uaDas2pO3PYq8QtSA0KNAf Vr34Q0zRCoSknSvVcJ9FeRqRmlGNe 6acKE0LHZIg9QwWJUHnZ/OjcPjNKY IexNCW0PVd/T2QkUmoa+aYzInqklr 2Z+J/XS3V47WVMJKlGQReLwpTbOrZn CdgBk0g1nxpCqGTmVpuOiCRUm5wqJ gR3+eVV0r6ou07dfbisNW6KOMpwAq dwDi5cQQPuoAktoPAEz/AKb9bEerHe rY9Fa8kqZo7hD6zPH/Tyki0=</lat exit><latexit sha1_b ase64="72dl+RXcOiN899EIdd6rZm maZyA=">AAAB9HicbVBNS8NAEJ3Ur1 q/qh69BIvgqSQiqLeCFw8eKtgPaEP ZbCbt0s0m7m4KJeR3ePGgiFd/jDf/ jds2B219MPB4b4aZeX7CmdKO822V1t Y3NrfK25Wd3b39g+rhUVvFqaTYojG PZdcnCjkT2NJMc+wmEknkc+z449uZ 35mgVCwWj3qaoBeRoWAho0Qbyetrx gPM7vNB5uaDas2pO3PYq8QtSA0KNAf Vr34Q0zRCoSknSvVcJ9FeRqRmlGNe 6acKE0LHZIg9QwWJUHnZ/OjcPjNKY IexNCW0PVd/T2QkUmoa+aYzInqklr 2Z+J/XS3V47WVMJKlGQReLwpTbOrZn CdgBk0g1nxpCqGTmVpuOiCRUm5wqJ gR3+eVV0r6ou07dfbisNW6KOMpwAq dwDi5cQQPuoAktoPAEz/AKb9bEerHe rY9Fa8kqZo7hD6zPH/Tyki0=</lat exit><latexit sha1_b ase64="72dl+RXcOiN899EIdd6rZm maZyA=">AAAB9HicbVBNS8NAEJ3Ur1 q/qh69BIvgqSQiqLeCFw8eKtgPaEP ZbCbt0s0m7m4KJeR3ePGgiFd/jDf/ jds2B219MPB4b4aZeX7CmdKO822V1t Y3NrfK25Wd3b39g+rhUVvFqaTYojG PZdcnCjkT2NJMc+wmEknkc+z449uZ 35mgVCwWj3qaoBeRoWAho0Qbyetrx gPM7vNB5uaDas2pO3PYq8QtSA0KNAf Vr34Q0zRCoSknSvVcJ9FeRqRmlGNe 6acKE0LHZIg9QwWJUHnZ/OjcPjNKY IexNCW0PVd/T2QkUmoa+aYzInqklr 2Z+J/XS3V47WVMJKlGQReLwpTbOrZn CdgBk0g1nxpCqGTmVpuOiCRUm5wqJ gR3+eVV0r6ou07dfbisNW6KOMpwAq dwDi5cQQPuoAktoPAEz/AKb9bEerHe rY9Fa8kqZo7hD6zPH/Tyki0=</lat exit>
L˜max = 5
<latexit sha1_base64="BySwAD2Yy6c9wYTZEuvvipeC/N8=">AAACAXi cbVA9SwNBEN3zM8avqI1gcxgEq3AnEW2EgI2FRQTzAUk49vYmyZK9vWN3ThKOs/Gv2FgoYuu/sPPfuPkoNPHBwOO9GWbm+bHgGh3n21paXlldW89t5De3 tnd2C3v7dR0likGNRSJSTZ9qEFxCDTkKaMYKaOgLaPiD67HfeACleSTvcRRDJ6Q9ybucUTSSVzhM28hFAOlt5rURhpiGdJhdnWdeoeiUnAnsReLOSJHMU PUKX+0gYkkIEpmgWrdcJ8ZOShVyJiDLtxMNMWUD2oOWoZKGoDvp5IPMPjFKYHcjZUqiPVF/T6Q01HoU+qYzpNjX895Y/M9rJdi97KRcxgmCZNNF3UTYGN njOOyAK2AoRoZQpri51WZ9qihDE1rehODOv7xI6mcl1ym5d+VipTyLI0eOyDE5JS65IBVyQ6qkRhh5JM/klbxZT9aL9W59TFuXrNnMAfkD6/MHWhGXZw= =</latexit><latexit sha1_base64="BySwAD2Yy6c9wYTZEuvvipeC/N8=">AAACAXi cbVA9SwNBEN3zM8avqI1gcxgEq3AnEW2EgI2FRQTzAUk49vYmyZK9vWN3ThKOs/Gv2FgoYuu/sPPfuPkoNPHBwOO9GWbm+bHgGh3n21paXlldW89t5De3 tnd2C3v7dR0likGNRSJSTZ9qEFxCDTkKaMYKaOgLaPiD67HfeACleSTvcRRDJ6Q9ybucUTSSVzhM28hFAOlt5rURhpiGdJhdnWdeoeiUnAnsReLOSJHMU PUKX+0gYkkIEpmgWrdcJ8ZOShVyJiDLtxMNMWUD2oOWoZKGoDvp5IPMPjFKYHcjZUqiPVF/T6Q01HoU+qYzpNjX895Y/M9rJdi97KRcxgmCZNNF3UTYGN njOOyAK2AoRoZQpri51WZ9qihDE1rehODOv7xI6mcl1ym5d+VipTyLI0eOyDE5JS65IBVyQ6qkRhh5JM/klbxZT9aL9W59TFuXrNnMAfkD6/MHWhGXZw= =</latexit><latexit sha1_base64="BySwAD2Yy6c9wYTZEuvvipeC/N8=">AAACAXi cbVA9SwNBEN3zM8avqI1gcxgEq3AnEW2EgI2FRQTzAUk49vYmyZK9vWN3ThKOs/Gv2FgoYuu/sPPfuPkoNPHBwOO9GWbm+bHgGh3n21paXlldW89t5De3 tnd2C3v7dR0likGNRSJSTZ9qEFxCDTkKaMYKaOgLaPiD67HfeACleSTvcRRDJ6Q9ybucUTSSVzhM28hFAOlt5rURhpiGdJhdnWdeoeiUnAnsReLOSJHMU PUKX+0gYkkIEpmgWrdcJ8ZOShVyJiDLtxMNMWUD2oOWoZKGoDvp5IPMPjFKYHcjZUqiPVF/T6Q01HoU+qYzpNjX895Y/M9rJdi97KRcxgmCZNNF3UTYGN njOOyAK2AoRoZQpri51WZ9qihDE1rehODOv7xI6mcl1ym5d+VipTyLI0eOyDE5JS65IBVyQ6qkRhh5JM/klbxZT9aL9W59TFuXrNnMAfkD6/MHWhGXZw= =</latexit><latexit sha1_base64="BySwAD2Yy6c9wYTZEuvvipeC/N8=">AAACAXi cbVA9SwNBEN3zM8avqI1gcxgEq3AnEW2EgI2FRQTzAUk49vYmyZK9vWN3ThKOs/Gv2FgoYuu/sPPfuPkoNPHBwOO9GWbm+bHgGh3n21paXlldW89t5De3 tnd2C3v7dR0likGNRSJSTZ9qEFxCDTkKaMYKaOgLaPiD67HfeACleSTvcRRDJ6Q9ybucUTSSVzhM28hFAOlt5rURhpiGdJhdnWdeoeiUnAnsReLOSJHMU PUKX+0gYkkIEpmgWrdcJ8ZOShVyJiDLtxMNMWUD2oOWoZKGoDvp5IPMPjFKYHcjZUqiPVF/T6Q01HoU+qYzpNjX895Y/M9rJdi97KRcxgmCZNNF3UTYGN njOOyAK2AoRoZQpri51WZ9qihDE1rehODOv7xI6mcl1ym5d+VipTyLI0eOyDE5JS65IBVyQ6qkRhh5JM/klbxZT9aL9W59TFuXrNnMAfkD6/MHWhGXZw= =</latexit>
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FIG. 2. (a) Optimal strokes of the three-sphere swimmer, for different values of maximum allowable arm length L˜max. L˜1 and
L˜2 are the arm lengths, and the swimmer follows these trajectories clockwise. Different classes of trajectories are marked by
different colors and the trajectories for 20 . L˜max are shown in inset. (b) Examples of the optimal propulsion mechanisms for
three different classes of the trajectories versus time. The dashed lines indicate the position of each sphere throughout a cycle
and colors correspond to trajectory classes.
against those obtained using HYDROLIB [44] for the case of equally-sized spheres, and observe excellent agreement.
To proceed with the optimization, by means of Numerical Algorithm Group (NAG) routine e04jyf, we use a quasi-
Newton algorithm for tuning 2N variables of Li. For a given set of Li generated by the optimizer, the efficiency
is calculated by substituting (8) and (9) into (5), and the iterations continue until no higher value can be reached.
We repeat the procedure systematically for different values of size ratio and maximum allowable arm length (Lmax).
For the results reported henceforth, we have set N = 100, as further increasing N did not result in any quantitative
changes.
III. RESULTS AND DISCUSSION
To properly evaluate the role of sphere radii on the efficiency, throughout this section, we scale lengths with
rch =
3
√
(1/3) (2r31 + r
3
2) and use notation ( ˜ ) to distinguish dimensionless entities from dimensional ones. We
begin our analysis with the optimal trajectory of the swimmer. We find that the optimal trajectories can be broadly
categorized into three classes, depending on the value of L˜max. For L˜max . 1, the swimmer follows a four-step motion,
shown by black squares in Fig. 2(a). Starting from all three spheres touching, the sequence goes as follows: The left
arm opens first, the right arm opens so the swimmer reaches its fully extended state, then the left arm closes and
finally the right arm closes, as illustrated in Fig. 2(b). When 1 < L˜max < 20, the fully extended state is no longer
sought, and the swimmer rather takes two short steps, resulting in a semi-trapezoidal trajectory shown in Fig. 2 (those
in blue color). Interestingly, further increasing the maximum allowable arm length (20 . L˜max) causes the swimmer
to select a simpler trajectory consisting of three steps: opening of the left arm, then opening of the right arm while
simultaneously closing the left arm, and finally closing of the right arm (trajectories in red).
To elude the scallop theorem, the swimmer exploits the nonreciprocal asymmetries it can create with its cyclic body
deformations, and so “stronger” asymmetries can lead to larger net displacements. Our results indicate that indeed
the swimmer maximizes its asymmetry by first extending one arm and closing the other, and then vice versa. In fact,
these two states of the swimmer are shared between all classes of the optimal trajectories shown in Fig. 2, and the
only difference between these trajectories arises in the steps the swimmer takes between these two common states.
We may now determine the effect of size ratio of the spheres on the efficiency of the swimmer. Clearly, when
r1/r2 →∞, we are making the middle sphere obsolete, essentially removing one degree of freedom from the swimmer.
Hence, the efficiency is negligibly small at this limit. Similarly, r1/r2 → 0 is inefficient as in this case both degrees
of freedom vanish. Thus, the variation of the efficiency with size ratio is nonmonotonic, as our computational results
also confirm in Fig. 3(a). Remarkably, for all values of Lmax, the efficiency reaches its maximum when the size ratio
is r1/r2 = 1.196 ≈ 1.2. Thus, there exists a unique size ratio at which the swimmer is optimal, and that is when the
5r1/r2 = 0.5
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r1/r2 = 1.2
<latexit sha1_base64="p7oX02lZQweeVgkSK+HO/4cd4nc=" >AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4itki6EUoePFYwX5AGsJmu2mXbrJhdyOU0J/hxYMiXv013vw3btsctPXBwOO9GWbmRZng 2njet7O2vrG5tV3Zqe7u7R8c1o6OO1rmirI2lUKqXkQ0EzxlbcONYL1MMZJEgnWj8d3M7z4xpblMH80kY0FChimPOSXGSr4K8aUKG 7fYbYS1uud6c6BVgktShxKtsPbVH0iaJyw1VBCtfexlJiiIMpwKNq32c80yQsdkyHxLU5IwHRTzk6fo3CoDFEtlKzVorv6eKEii9S SJbGdCzEgvezPxP8/PTXwTFDzNcsNSulgU5wIZiWb/owFXjBoxsYRQxe2tiI6IItTYlKo2BLz88irpNFzsufjhqt50yzgqcApncAE YrqEJ99CCNlCQ8Ayv8OYY58V5dz4WrWtOOXMCf+B8/gA8K4/W</latexit><latexit sha1_base64="p7oX02lZQweeVgkSK+HO/4cd4nc=" >AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4itki6EUoePFYwX5AGsJmu2mXbrJhdyOU0J/hxYMiXv013vw3btsctPXBwOO9GWbmRZng 2njet7O2vrG5tV3Zqe7u7R8c1o6OO1rmirI2lUKqXkQ0EzxlbcONYL1MMZJEgnWj8d3M7z4xpblMH80kY0FChimPOSXGSr4K8aUKG 7fYbYS1uud6c6BVgktShxKtsPbVH0iaJyw1VBCtfexlJiiIMpwKNq32c80yQsdkyHxLU5IwHRTzk6fo3CoDFEtlKzVorv6eKEii9S SJbGdCzEgvezPxP8/PTXwTFDzNcsNSulgU5wIZiWb/owFXjBoxsYRQxe2tiI6IItTYlKo2BLz88irpNFzsufjhqt50yzgqcApncAE YrqEJ99CCNlCQ8Ayv8OYY58V5dz4WrWtOOXMCf+B8/gA8K4/W</latexit><latexit sha1_base64="p7oX02lZQweeVgkSK+HO/4cd4nc=" >AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4itki6EUoePFYwX5AGsJmu2mXbrJhdyOU0J/hxYMiXv013vw3btsctPXBwOO9GWbmRZng 2njet7O2vrG5tV3Zqe7u7R8c1o6OO1rmirI2lUKqXkQ0EzxlbcONYL1MMZJEgnWj8d3M7z4xpblMH80kY0FChimPOSXGSr4K8aUKG 7fYbYS1uud6c6BVgktShxKtsPbVH0iaJyw1VBCtfexlJiiIMpwKNq32c80yQsdkyHxLU5IwHRTzk6fo3CoDFEtlKzVorv6eKEii9S SJbGdCzEgvezPxP8/PTXwTFDzNcsNSulgU5wIZiWb/owFXjBoxsYRQxe2tiI6IItTYlKo2BLz88irpNFzsufjhqt50yzgqcApncAE YrqEJ99CCNlCQ8Ayv8OYY58V5dz4WrWtOOXMCf+B8/gA8K4/W</latexit><latexit sha1_base64="p7oX02lZQweeVgkSK+HO/4cd4nc=" >AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4itki6EUoePFYwX5AGsJmu2mXbrJhdyOU0J/hxYMiXv013vw3btsctPXBwOO9GWbmRZng 2njet7O2vrG5tV3Zqe7u7R8c1o6OO1rmirI2lUKqXkQ0EzxlbcONYL1MMZJEgnWj8d3M7z4xpblMH80kY0FChimPOSXGSr4K8aUKG 7fYbYS1uud6c6BVgktShxKtsPbVH0iaJyw1VBCtfexlJiiIMpwKNq32c80yQsdkyHxLU5IwHRTzk6fo3CoDFEtlKzVorv6eKEii9S SJbGdCzEgvezPxP8/PTXwTFDzNcsNSulgU5wIZiWb/owFXjBoxsYRQxe2tiI6IItTYlKo2BLz88irpNFzsufjhqt50yzgqcApncAE YrqEJ99CCNlCQ8Ayv8OYY58V5dz4WrWtOOXMCf+B8/gA8K4/W</latexit>
r1/r2 = 1.5
<latexit sha1_base64="LndVCKerCPgbI0uDIfRc/FX9Wf0=" >AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgKWaLoheh4MVjBfsBaQib7aZdutkNuxuhlP4MLx4U8eqv8ea/cdvmoK0PBh7vzTAzL844 08b3v53S2vrG5lZ5u7Kzu7d/UD08amuZK0JbRHKpujHWlDNBW4YZTruZojiNOe3Eo7uZ33miSjMpHs04o2GKB4IljGBjpUBF6EJF9 VvkXUXVmu/5c7irBBWkBgWaUfWr15ckT6kwhGOtA+RnJpxgZRjhdFrp5ZpmmIzwgAaWCpxSHU7mJ0/dM6v03UQqW8K4c/X3xASnWo /T2Ham2Az1sjcT//OC3CQ34YSJLDdUkMWiJOeuke7sf7fPFCWGjy3BRDF7q0uGWGFibEoVGwJafnmVtOse8j30cFlreEUcZTiBUzg HBNfQgHtoQgsISHiGV3hzjPPivDsfi9aSU8wcwx84nz9At4/Z</latexit><latexit sha1_base64="LndVCKerCPgbI0uDIfRc/FX9Wf0=" >AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgKWaLoheh4MVjBfsBaQib7aZdutkNuxuhlP4MLx4U8eqv8ea/cdvmoK0PBh7vzTAzL844 08b3v53S2vrG5lZ5u7Kzu7d/UD08amuZK0JbRHKpujHWlDNBW4YZTruZojiNOe3Eo7uZ33miSjMpHs04o2GKB4IljGBjpUBF6EJF9 VvkXUXVmu/5c7irBBWkBgWaUfWr15ckT6kwhGOtA+RnJpxgZRjhdFrp5ZpmmIzwgAaWCpxSHU7mJ0/dM6v03UQqW8K4c/X3xASnWo /T2Ham2Az1sjcT//OC3CQ34YSJLDdUkMWiJOeuke7sf7fPFCWGjy3BRDF7q0uGWGFibEoVGwJafnmVtOse8j30cFlreEUcZTiBUzg HBNfQgHtoQgsISHiGV3hzjPPivDsfi9aSU8wcwx84nz9At4/Z</latexit><latexit sha1_base64="LndVCKerCPgbI0uDIfRc/FX9Wf0=" >AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgKWaLoheh4MVjBfsBaQib7aZdutkNuxuhlP4MLx4U8eqv8ea/cdvmoK0PBh7vzTAzL844 08b3v53S2vrG5lZ5u7Kzu7d/UD08amuZK0JbRHKpujHWlDNBW4YZTruZojiNOe3Eo7uZ33miSjMpHs04o2GKB4IljGBjpUBF6EJF9 VvkXUXVmu/5c7irBBWkBgWaUfWr15ckT6kwhGOtA+RnJpxgZRjhdFrp5ZpmmIzwgAaWCpxSHU7mJ0/dM6v03UQqW8K4c/X3xASnWo /T2Ham2Az1sjcT//OC3CQ34YSJLDdUkMWiJOeuke7sf7fPFCWGjy3BRDF7q0uGWGFibEoVGwJafnmVtOse8j30cFlreEUcZTiBUzg HBNfQgHtoQgsISHiGV3hzjPPivDsfi9aSU8wcwx84nz9At4/Z</latexit><latexit sha1_base64="LndVCKerCPgbI0uDIfRc/FX9Wf0=" >AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgKWaLoheh4MVjBfsBaQib7aZdutkNuxuhlP4MLx4U8eqv8ea/cdvmoK0PBh7vzTAzL844 08b3v53S2vrG5lZ5u7Kzu7d/UD08amuZK0JbRHKpujHWlDNBW4YZTruZojiNOe3Eo7uZ33miSjMpHs04o2GKB4IljGBjpUBF6EJF9 VvkXUXVmu/5c7irBBWkBgWaUfWr15ckT6kwhGOtA+RnJpxgZRjhdFrp5ZpmmIzwgAaWCpxSHU7mJ0/dM6v03UQqW8K4c/X3xASnWo /T2Ham2Az1sjcT//OC3CQ34YSJLDdUkMWiJOeuke7sf7fPFCWGjy3BRDF7q0uGWGFibEoVGwJafnmVtOse8j30cFlreEUcZTiBUzg HBNfQgHtoQgsISHiGV3hzjPPivDsfi9aSU8wcwx84nz9At4/Z</latexit>
Analytical limit
<latexit sha1_base64="JyvmvamEGl9jfoK2agvxzDJwx5c=" >AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4CokIuiy4sZlBfuANpTJdNIOnUzCzI0YQjb+ihsXirj1M9z5N07bLLT1wIXDOffO3HuC RHANrvttVVZW19Y3qpu1re2d3T17/6Ct41RR1qKxiFU3IJoJLlkLOAjWTRQjUSBYJ5jcTP3OA1Oax/IesoT5ERlJHnJKwEgD+6gP7 BHya0lEBkYVWPCIQzGw667jzoCXiVeSOirRHNhf/WFM04hJoIJo3fPcBPycKPOqYEWtn2qWEDohI9YzVJKIaT+fHVDgU6MMcRgrUx LwTP09kZNI6ywKTGdEYKwXvan4n9dLIbzycy6TFJik84/CVGCI8TQNPOSKURCZIYQqbnbFdEwUoWAyq5kQvMWTl0n73PFcx7u7qDe cMo4qOkYn6Ax56BI10C1qohaiqEDP6BW9WU/Wi/VufcxbK1Y5c4j+wPr8AWT7ltc=</latexit><latexit sha1_base64="JyvmvamEGl9jfoK2agvxzDJwx5c=" >AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4CokIuiy4sZlBfuANpTJdNIOnUzCzI0YQjb+ihsXirj1M9z5N07bLLT1wIXDOffO3HuC RHANrvttVVZW19Y3qpu1re2d3T17/6Ct41RR1qKxiFU3IJoJLlkLOAjWTRQjUSBYJ5jcTP3OA1Oax/IesoT5ERlJHnJKwEgD+6gP7 BHya0lEBkYVWPCIQzGw667jzoCXiVeSOirRHNhf/WFM04hJoIJo3fPcBPycKPOqYEWtn2qWEDohI9YzVJKIaT+fHVDgU6MMcRgrUx LwTP09kZNI6ywKTGdEYKwXvan4n9dLIbzycy6TFJik84/CVGCI8TQNPOSKURCZIYQqbnbFdEwUoWAyq5kQvMWTl0n73PFcx7u7qDe cMo4qOkYn6Ax56BI10C1qohaiqEDP6BW9WU/Wi/VufcxbK1Y5c4j+wPr8AWT7ltc=</latexit><latexit sha1_base64="JyvmvamEGl9jfoK2agvxzDJwx5c=" >AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4CokIuiy4sZlBfuANpTJdNIOnUzCzI0YQjb+ihsXirj1M9z5N07bLLT1wIXDOffO3HuC RHANrvttVVZW19Y3qpu1re2d3T17/6Ct41RR1qKxiFU3IJoJLlkLOAjWTRQjUSBYJ5jcTP3OA1Oax/IesoT5ERlJHnJKwEgD+6gP7 BHya0lEBkYVWPCIQzGw667jzoCXiVeSOirRHNhf/WFM04hJoIJo3fPcBPycKPOqYEWtn2qWEDohI9YzVJKIaT+fHVDgU6MMcRgrUx LwTP09kZNI6ywKTGdEYKwXvan4n9dLIbzycy6TFJik84/CVGCI8TQNPOSKURCZIYQqbnbFdEwUoWAyq5kQvMWTl0n73PFcx7u7qDe cMo4qOkYn6Ax56BI10C1qohaiqEDP6BW9WU/Wi/VufcxbK1Y5c4j+wPr8AWT7ltc=</latexit><latexit sha1_base64="JyvmvamEGl9jfoK2agvxzDJwx5c=" >AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4CokIuiy4sZlBfuANpTJdNIOnUzCzI0YQjb+ihsXirj1M9z5N07bLLT1wIXDOffO3HuC RHANrvttVVZW19Y3qpu1re2d3T17/6Ct41RR1qKxiFU3IJoJLlkLOAjWTRQjUSBYJ5jcTP3OA1Oax/IesoT5ERlJHnJKwEgD+6gP7 BHya0lEBkYVWPCIQzGw667jzoCXiVeSOirRHNhf/WFM04hJoIJo3fPcBPycKPOqYEWtn2qWEDohI9YzVJKIaT+fHVDgU6MMcRgrUx LwTP09kZNI6ywKTGdEYKwXvan4n9dLIbzycy6TFJik84/CVGCI8TQNPOSKURCZIYQqbnbFdEwUoWAyq5kQvMWTl0n73PFcx7u7qDe cMo4qOkYn6Ax56BI10C1qohaiqEDP6BW9WU/Wi/VufcxbK1Y5c4j+wPr8AWT7ltc=</latexit>
Computational result
<latexit sha1_base64="hLm3wERrxvDezFn+XmiPrsDkJQ4=" >AAACBHicbVC7SgNBFJ31GeNr1TLNYBCsll0RtAyksYxgHpCEMDu5mwyZfTBzVwxLCht/xcZCEVs/ws6/cbLZQhMPDBzOuZc75/iJ FBpd99taW9/Y3Nou7ZR39/YPDu2j45aOU8WhyWMZq47PNEgRQRMFSugkCljoS2j7k/rcb9+D0iKO7nCaQD9ko0gEgjM00sCu9BAeM KvHYZJirjFJFehU4mxgV13HzUFXiVeQKinQGNhfvWHM0xAi5JJp3fXcBPsZUyi4hFm5l2pIGJ+wEXQNjVgIup/lIWb0zChDGsTKvA hprv7eyFio9TT0zWTIcKyXvbn4n9dNMbjuZyIyASHii0NBKinGdN4IHQoFHOXUEMaVMH+lfMwU42h6K5sSvOXIq6R14Xiu491eVmt OUUeJVMgpOSceuSI1ckMapEk4eSTP5JW8WU/Wi/VufSxG16xi54T8gfX5A/jpmN0=</latexit><latexit sha1_base64="hLm3wERrxvDezFn+XmiPrsDkJQ4=" >AAACBHicbVC7SgNBFJ31GeNr1TLNYBCsll0RtAyksYxgHpCEMDu5mwyZfTBzVwxLCht/xcZCEVs/ws6/cbLZQhMPDBzOuZc75/iJ FBpd99taW9/Y3Nou7ZR39/YPDu2j45aOU8WhyWMZq47PNEgRQRMFSugkCljoS2j7k/rcb9+D0iKO7nCaQD9ko0gEgjM00sCu9BAeM KvHYZJirjFJFehU4mxgV13HzUFXiVeQKinQGNhfvWHM0xAi5JJp3fXcBPsZUyi4hFm5l2pIGJ+wEXQNjVgIup/lIWb0zChDGsTKvA hprv7eyFio9TT0zWTIcKyXvbn4n9dNMbjuZyIyASHii0NBKinGdN4IHQoFHOXUEMaVMH+lfMwU42h6K5sSvOXIq6R14Xiu491eVmt OUUeJVMgpOSceuSI1ckMapEk4eSTP5JW8WU/Wi/VufSxG16xi54T8gfX5A/jpmN0=</latexit><latexit sha1_base64="hLm3wERrxvDezFn+XmiPrsDkJQ4=" >AAACBHicbVC7SgNBFJ31GeNr1TLNYBCsll0RtAyksYxgHpCEMDu5mwyZfTBzVwxLCht/xcZCEVs/ws6/cbLZQhMPDBzOuZc75/iJ FBpd99taW9/Y3Nou7ZR39/YPDu2j45aOU8WhyWMZq47PNEgRQRMFSugkCljoS2j7k/rcb9+D0iKO7nCaQD9ko0gEgjM00sCu9BAeM KvHYZJirjFJFehU4mxgV13HzUFXiVeQKinQGNhfvWHM0xAi5JJp3fXcBPsZUyi4hFm5l2pIGJ+wEXQNjVgIup/lIWb0zChDGsTKvA hprv7eyFio9TT0zWTIcKyXvbn4n9dNMbjuZyIyASHii0NBKinGdN4IHQoFHOXUEMaVMH+lfMwU42h6K5sSvOXIq6R14Xiu491eVmt OUUeJVMgpOSceuSI1ckMapEk4eSTP5JW8WU/Wi/VufSxG16xi54T8gfX5A/jpmN0=</latexit><latexit sha1_base64="hLm3wERrxvDezFn+XmiPrsDkJQ4=" >AAACBHicbVC7SgNBFJ31GeNr1TLNYBCsll0RtAyksYxgHpCEMDu5mwyZfTBzVwxLCht/xcZCEVs/ws6/cbLZQhMPDBzOuZc75/iJ FBpd99taW9/Y3Nou7ZR39/YPDu2j45aOU8WhyWMZq47PNEgRQRMFSugkCljoS2j7k/rcb9+D0iKO7nCaQD9ko0gEgjM00sCu9BAeM KvHYZJirjFJFehU4mxgV13HzUFXiVeQKinQGNhfvWHM0xAi5JJp3fXcBPsZUyi4hFm5l2pIGJ+wEXQNjVgIup/lIWb0zChDGsTKvA hprv7eyFio9TT0zWTIcKyXvbn4n9dNMbjuZyIyASHii0NBKinGdN4IHQoFHOXUEMaVMH+lfMwU42h6K5sSvOXIq6R14Xiu491eVmt OUUeJVMgpOSceuSI1ckMapEk4eSTP5JW8WU/Wi/VufSxG16xi54T8gfX5A/jpmN0=</latexit>
10
<latexit sha1_base64="98kcYDSqwTTONLgYNvI3m6EmoSo=" >AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHgxWMF+4FtKJvNpF262Q27G7GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTDnT xvO+ndLa+sbmVnm7srO7t39QPTxqa5kpii0quVTdkGjkTGDLMMOxmyokScixE45vZn7nEZVmUtybSYpBQoaCxYwSY6WHfiifMMp9b zqo1ry6N4e7SvyC1KBAc1D96keSZgkKQznRuud7qQlyogyjHKeVfqYxJXRMhtizVJAEdZDPL566Z1aJ3FgqW8K4c/X3RE4SrSdJaD sTYkZ62ZuJ/3m9zMTXQc5EmhkUdLEozrhrpDt7342YQmr4xBJCFbO3unREFKHGhlSxIfjLL6+S9kXd9+r+3WWtUS/iKMMJnMI5+HA FDbiFJrSAgoBneIU3RzsvzrvzsWgtOcXMMfyB8/kDQleQkQ==</latexit><latexit sha1_base64="98kcYDSqwTTONLgYNvI3m6EmoSo=" >AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHgxWMF+4FtKJvNpF262Q27G7GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTDnT xvO+ndLa+sbmVnm7srO7t39QPTxqa5kpii0quVTdkGjkTGDLMMOxmyokScixE45vZn7nEZVmUtybSYpBQoaCxYwSY6WHfiifMMp9b zqo1ry6N4e7SvyC1KBAc1D96keSZgkKQznRuud7qQlyogyjHKeVfqYxJXRMhtizVJAEdZDPL566Z1aJ3FgqW8K4c/X3RE4SrSdJaD sTYkZ62ZuJ/3m9zMTXQc5EmhkUdLEozrhrpDt7342YQmr4xBJCFbO3unREFKHGhlSxIfjLL6+S9kXd9+r+3WWtUS/iKMMJnMI5+HA FDbiFJrSAgoBneIU3RzsvzrvzsWgtOcXMMfyB8/kDQleQkQ==</latexit><latexit sha1_base64="98kcYDSqwTTONLgYNvI3m6EmoSo=" >AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHgxWMF+4FtKJvNpF262Q27G7GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTDnT xvO+ndLa+sbmVnm7srO7t39QPTxqa5kpii0quVTdkGjkTGDLMMOxmyokScixE45vZn7nEZVmUtybSYpBQoaCxYwSY6WHfiifMMp9b zqo1ry6N4e7SvyC1KBAc1D96keSZgkKQznRuud7qQlyogyjHKeVfqYxJXRMhtizVJAEdZDPL566Z1aJ3FgqW8K4c/X3RE4SrSdJaD sTYkZ62ZuJ/3m9zMTXQc5EmhkUdLEozrhrpDt7342YQmr4xBJCFbO3unREFKHGhlSxIfjLL6+S9kXd9+r+3WWtUS/iKMMJnMI5+HA FDbiFJrSAgoBneIU3RzsvzrvzsWgtOcXMMfyB8/kDQleQkQ==</latexit><latexit sha1_base64="98kcYDSqwTTONLgYNvI3m6EmoSo=" >AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHgxWMF+4FtKJvNpF262Q27G7GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTDnT xvO+ndLa+sbmVnm7srO7t39QPTxqa5kpii0quVTdkGjkTGDLMMOxmyokScixE45vZn7nEZVmUtybSYpBQoaCxYwSY6WHfiifMMp9b zqo1ry6N4e7SvyC1KBAc1D96keSZgkKQznRuud7qQlyogyjHKeVfqYxJXRMhtizVJAEdZDPL566Z1aJ3FgqW8K4c/X3RE4SrSdJaD sTYkZ62ZuJ/3m9zMTXQc5EmhkUdLEozrhrpDt7342YQmr4xBJCFbO3unREFKHGhlSxIfjLL6+S9kXd9+r+3WWtUS/iKMMJnMI5+HA FDbiFJrSAgoBneIU3RzsvzrvzsWgtOcXMMfyB8/kDQleQkQ==</latexit>
20
<latexit sha1_base64="CE7+8b3pnhVF4l9sJV9P8b4Pofg=" >AAAB8XicbVBNS8NAEJ34WetX1aOXYBE8laQIeix48VjBfmAbymYzaZdudsPuRiyh/8KLB0W8+m+8+W/ctjlo64OBx3szzMwLU860 8bxvZ219Y3Nru7RT3t3bPzisHB23tcwUxRaVXKpuSDRyJrBlmOHYTRWSJOTYCcc3M7/ziEozKe7NJMUgIUPBYkaJsdJDP5RPGOV1b zqoVL2aN4e7SvyCVKFAc1D56keSZgkKQznRuud7qQlyogyjHKflfqYxJXRMhtizVJAEdZDPL56651aJ3FgqW8K4c/X3RE4SrSdJaD sTYkZ62ZuJ/3m9zMTXQc5EmhkUdLEozrhrpDt7342YQmr4xBJCFbO3unREFKHGhlS2IfjLL6+Sdr3mezX/7rLaqBVxlOAUzuACfLi CBtxCE1pAQcAzvMKbo50X5935WLSuOcXMCfyB8/kDQ92Qkg==</latexit><latexit sha1_base64="CE7+8b3pnhVF4l9sJV9P8b4Pofg=" >AAAB8XicbVBNS8NAEJ34WetX1aOXYBE8laQIeix48VjBfmAbymYzaZdudsPuRiyh/8KLB0W8+m+8+W/ctjlo64OBx3szzMwLU860 8bxvZ219Y3Nru7RT3t3bPzisHB23tcwUxRaVXKpuSDRyJrBlmOHYTRWSJOTYCcc3M7/ziEozKe7NJMUgIUPBYkaJsdJDP5RPGOV1b zqoVL2aN4e7SvyCVKFAc1D56keSZgkKQznRuud7qQlyogyjHKflfqYxJXRMhtizVJAEdZDPL56651aJ3FgqW8K4c/X3RE4SrSdJaD sTYkZ62ZuJ/3m9zMTXQc5EmhkUdLEozrhrpDt7342YQmr4xBJCFbO3unREFKHGhlS2IfjLL6+Sdr3mezX/7rLaqBVxlOAUzuACfLi CBtxCE1pAQcAzvMKbo50X5935WLSuOcXMCfyB8/kDQ92Qkg==</latexit><latexit sha1_base64="CE7+8b3pnhVF4l9sJV9P8b4Pofg=" >AAAB8XicbVBNS8NAEJ34WetX1aOXYBE8laQIeix48VjBfmAbymYzaZdudsPuRiyh/8KLB0W8+m+8+W/ctjlo64OBx3szzMwLU860 8bxvZ219Y3Nru7RT3t3bPzisHB23tcwUxRaVXKpuSDRyJrBlmOHYTRWSJOTYCcc3M7/ziEozKe7NJMUgIUPBYkaJsdJDP5RPGOV1b zqoVL2aN4e7SvyCVKFAc1D56keSZgkKQznRuud7qQlyogyjHKflfqYxJXRMhtizVJAEdZDPL56651aJ3FgqW8K4c/X3RE4SrSdJaD sTYkZ62ZuJ/3m9zMTXQc5EmhkUdLEozrhrpDt7342YQmr4xBJCFbO3unREFKHGhlS2IfjLL6+Sdr3mezX/7rLaqBVxlOAUzuACfLi CBtxCE1pAQcAzvMKbo50X5935WLSuOcXMCfyB8/kDQ92Qkg==</latexit><latexit sha1_base64="CE7+8b3pnhVF4l9sJV9P8b4Pofg=" >AAAB8XicbVBNS8NAEJ34WetX1aOXYBE8laQIeix48VjBfmAbymYzaZdudsPuRiyh/8KLB0W8+m+8+W/ctjlo64OBx3szzMwLU860 8bxvZ219Y3Nru7RT3t3bPzisHB23tcwUxRaVXKpuSDRyJrBlmOHYTRWSJOTYCcc3M7/ziEozKe7NJMUgIUPBYkaJsdJDP5RPGOV1b zqoVL2aN4e7SvyCVKFAc1D56keSZgkKQznRuud7qQlyogyjHKflfqYxJXRMhtizVJAEdZDPL56651aJ3FgqW8K4c/X3RE4SrSdJaD sTYkZ62ZuJ/3m9zMTXQc5EmhkUdLEozrhrpDt7342YQmr4xBJCFbO3unREFKHGhlS2IfjLL6+Sdr3mezX/7rLaqBVxlOAUzuACfLi CBtxCE1pAQcAzvMKbo50X5935WLSuOcXMCfyB8/kDQ92Qkg==</latexit>
50
<latexit sha1_base64="EPeqmL3KgZosRtfpIVTipejmYf4=" >AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSSi6LHgxWMF24ptKJvNpF262Q27G7GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTDnT xvO+ndLK6tr6RnmzsrW9s7tX3T9oa5kpii0quVT3IdHImcCWYYbjfaqQJCHHTji6nvqdR1SaSXFnxikGCRkIFjNKjJUeeqF8wii/8 Cb9as2rezO4y8QvSA0KNPvVr14kaZagMJQTrbu+l5ogJ8owynFS6WUaU0JHZIBdSwVJUAf57OKJe2KVyI2lsiWMO1N/T+Qk0XqchL YzIWaoF72p+J/XzUx8FeRMpJlBQeeL4oy7RrrT992IKaSGjy0hVDF7q0uHRBFqbEgVG4K/+PIyaZ/Vfa/u357XGvUijjIcwTGcgg+ X0IAbaEILKAh4hld4c7Tz4rw7H/PWklPMHMIfOJ8/SG+QlQ==</latexit><latexit sha1_base64="EPeqmL3KgZosRtfpIVTipejmYf4=" >AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSSi6LHgxWMF24ptKJvNpF262Q27G7GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTDnT xvO+ndLK6tr6RnmzsrW9s7tX3T9oa5kpii0quVT3IdHImcCWYYbjfaqQJCHHTji6nvqdR1SaSXFnxikGCRkIFjNKjJUeeqF8wii/8 Cb9as2rezO4y8QvSA0KNPvVr14kaZagMJQTrbu+l5ogJ8owynFS6WUaU0JHZIBdSwVJUAf57OKJe2KVyI2lsiWMO1N/T+Qk0XqchL YzIWaoF72p+J/XzUx8FeRMpJlBQeeL4oy7RrrT992IKaSGjy0hVDF7q0uHRBFqbEgVG4K/+PIyaZ/Vfa/u357XGvUijjIcwTGcgg+ X0IAbaEILKAh4hld4c7Tz4rw7H/PWklPMHMIfOJ8/SG+QlQ==</latexit><latexit sha1_base64="EPeqmL3KgZosRtfpIVTipejmYf4=" >AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSSi6LHgxWMF24ptKJvNpF262Q27G7GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTDnT xvO+ndLK6tr6RnmzsrW9s7tX3T9oa5kpii0quVT3IdHImcCWYYbjfaqQJCHHTji6nvqdR1SaSXFnxikGCRkIFjNKjJUeeqF8wii/8 Cb9as2rezO4y8QvSA0KNPvVr14kaZagMJQTrbu+l5ogJ8owynFS6WUaU0JHZIBdSwVJUAf57OKJe2KVyI2lsiWMO1N/T+Qk0XqchL YzIWaoF72p+J/XzUx8FeRMpJlBQeeL4oy7RrrT992IKaSGjy0hVDF7q0uHRBFqbEgVG4K/+PIyaZ/Vfa/u357XGvUijjIcwTGcgg+ X0IAbaEILKAh4hld4c7Tz4rw7H/PWklPMHMIfOJ8/SG+QlQ==</latexit><latexit sha1_base64="EPeqmL3KgZosRtfpIVTipejmYf4=" >AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSSi6LHgxWMF24ptKJvNpF262Q27G7GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTDnT xvO+ndLK6tr6RnmzsrW9s7tX3T9oa5kpii0quVT3IdHImcCWYYbjfaqQJCHHTji6nvqdR1SaSXFnxikGCRkIFjNKjJUeeqF8wii/8 Cb9as2rezO4y8QvSA0KNPvVr14kaZagMJQTrbu+l5ogJ8owynFS6WUaU0JHZIBdSwVJUAf57OKJe2KVyI2lsiWMO1N/T+Qk0XqchL YzIWaoF72p+J/XzUx8FeRMpJlBQeeL4oy7RrrT992IKaSGjy0hVDF7q0uHRBFqbEgVG4K/+PIyaZ/Vfa/u357XGvUijjIcwTGcgg+ X0IAbaEILKAh4hld4c7Tz4rw7H/PWklPMHMIfOJ8/SG+QlQ==</latexit>
100
<latexit sha1_base64="YNSvKyOxtg1PbZVxuvr/VVeKgFQ=" >AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqWRF0GPBi8cKthW2S8lms21oNlmSWbEs/RlePCji1V/jzX9j2u5BWx8MPN6bYWZelElh gZBvr7K2vrG5Vd2u7ezu7R/UD4+6VueG8Q7TUpuHiFouheIdECD5Q2Y4TSPJe9H4Zub3HrmxQqt7mGQ8TOlQiUQwCk4K+pF+4nHhE zId1BukSebAq8QvSQOVaA/qX/1YszzlCpik1gY+ySAsqAHBJJ/W+rnlGWVjOuSBo4qm3IbF/OQpPnNKjBNtXCnAc/X3REFTaydp5D pTCiO77M3E/7wgh+Q6LITKcuCKLRYlucSg8ex/HAvDGciJI5QZ4W7FbEQNZeBSqrkQ/OWXV0n3oumTpn932Wg1yziq6ASdonPkoyv UQreojTqIIY2e0St688B78d69j0VrxStnjtEfeJ8/s4eQyw==</latexit><latexit sha1_base64="YNSvKyOxtg1PbZVxuvr/VVeKgFQ=" >AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqWRF0GPBi8cKthW2S8lms21oNlmSWbEs/RlePCji1V/jzX9j2u5BWx8MPN6bYWZelElh gZBvr7K2vrG5Vd2u7ezu7R/UD4+6VueG8Q7TUpuHiFouheIdECD5Q2Y4TSPJe9H4Zub3HrmxQqt7mGQ8TOlQiUQwCk4K+pF+4nHhE zId1BukSebAq8QvSQOVaA/qX/1YszzlCpik1gY+ySAsqAHBJJ/W+rnlGWVjOuSBo4qm3IbF/OQpPnNKjBNtXCnAc/X3REFTaydp5D pTCiO77M3E/7wgh+Q6LITKcuCKLRYlucSg8ex/HAvDGciJI5QZ4W7FbEQNZeBSqrkQ/OWXV0n3oumTpn932Wg1yziq6ASdonPkoyv UQreojTqIIY2e0St688B78d69j0VrxStnjtEfeJ8/s4eQyw==</latexit><latexit sha1_base64="YNSvKyOxtg1PbZVxuvr/VVeKgFQ=" >AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqWRF0GPBi8cKthW2S8lms21oNlmSWbEs/RlePCji1V/jzX9j2u5BWx8MPN6bYWZelElh gZBvr7K2vrG5Vd2u7ezu7R/UD4+6VueG8Q7TUpuHiFouheIdECD5Q2Y4TSPJe9H4Zub3HrmxQqt7mGQ8TOlQiUQwCk4K+pF+4nHhE zId1BukSebAq8QvSQOVaA/qX/1YszzlCpik1gY+ySAsqAHBJJ/W+rnlGWVjOuSBo4qm3IbF/OQpPnNKjBNtXCnAc/X3REFTaydp5D pTCiO77M3E/7wgh+Q6LITKcuCKLRYlucSg8ex/HAvDGciJI5QZ4W7FbEQNZeBSqrkQ/OWXV0n3oumTpn932Wg1yziq6ASdonPkoyv UQreojTqIIY2e0St688B78d69j0VrxStnjtEfeJ8/s4eQyw==</latexit><latexit sha1_base64="YNSvKyOxtg1PbZVxuvr/VVeKgFQ=" >AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqWRF0GPBi8cKthW2S8lms21oNlmSWbEs/RlePCji1V/jzX9j2u5BWx8MPN6bYWZelElh gZBvr7K2vrG5Vd2u7ezu7R/UD4+6VueG8Q7TUpuHiFouheIdECD5Q2Y4TSPJe9H4Zub3HrmxQqt7mGQ8TOlQiUQwCk4K+pF+4nHhE zId1BukSebAq8QvSQOVaA/qX/1YszzlCpik1gY+ySAsqAHBJJ/W+rnlGWVjOuSBo4qm3IbF/OQpPnNKjBNtXCnAc/X3REFTaydp5D pTCiO77M3E/7wgh+Q6LITKcuCKLRYlucSg8ex/HAvDGciJI5QZ4W7FbEQNZeBSqrkQ/OWXV0n3oumTpn932Wg1yziq6ASdonPkoyv UQreojTqIIY2e0St688B78d69j0VrxStnjtEfeJ8/s4eQyw==</latexit>
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<latexit sha1_base64="Twgy 6C+JCpQ8FUdq+jxjvo07J6U=">AAAB8nicbVBNS8NAEN3Ur1q/ qh69LBbBU0iKoMeCF48V7AekoWw2k3bpZjfsbsQS+jO8eFDEq7/ Gm//GbZuDtj4YeLw3w8y8KONMG8/7diobm1vbO9Xd2t7+weFR/ fikq2WuKHSo5FL1I6KBMwEdwwyHfqaApBGHXjS5nfu9R1CaSfFg phmEKRkJljBKjJWCQSSfIC6anjcb1hue6y2A14lfkgYq0R7Wvw axpHkKwlBOtA58LzNhQZRhlMOsNsg1ZIROyAgCSwVJQYfF4uQZv rBKjBOpbAmDF+rviYKkWk/TyHamxIz1qjcX//OC3CQ3YcFElhsQ dLkoyTk2Es//xzFTQA2fWkKoYvZWTMdEEWpsSjUbgr/68jrpNl 3fc/37q0bLLeOoojN0ji6Rj65RC92hNuogiiR6Rq/ozTHOi/Puf CxbK045c4r+wPn8AbUOkMw=</latexit><latexit sha1_base64="Twgy 6C+JCpQ8FUdq+jxjvo07J6U=">AAAB8nicbVBNS8NAEN3Ur1q/ qh69LBbBU0iKoMeCF48V7AekoWw2k3bpZjfsbsQS+jO8eFDEq7/ Gm//GbZuDtj4YeLw3w8y8KONMG8/7diobm1vbO9Xd2t7+weFR/ fikq2WuKHSo5FL1I6KBMwEdwwyHfqaApBGHXjS5nfu9R1CaSfFg phmEKRkJljBKjJWCQSSfIC6anjcb1hue6y2A14lfkgYq0R7Wvw axpHkKwlBOtA58LzNhQZRhlMOsNsg1ZIROyAgCSwVJQYfF4uQZv rBKjBOpbAmDF+rviYKkWk/TyHamxIz1qjcX//OC3CQ3YcFElhsQ dLkoyTk2Es//xzFTQA2fWkKoYvZWTMdEEWpsSjUbgr/68jrpNl 3fc/37q0bLLeOoojN0ji6Rj65RC92hNuogiiR6Rq/ozTHOi/Puf CxbK045c4r+wPn8AbUOkMw=</latexit><latexit sha1_base64="Twgy 6C+JCpQ8FUdq+jxjvo07J6U=">AAAB8nicbVBNS8NAEN3Ur1q/ qh69LBbBU0iKoMeCF48V7AekoWw2k3bpZjfsbsQS+jO8eFDEq7/ Gm//GbZuDtj4YeLw3w8y8KONMG8/7diobm1vbO9Xd2t7+weFR/ fikq2WuKHSo5FL1I6KBMwEdwwyHfqaApBGHXjS5nfu9R1CaSfFg phmEKRkJljBKjJWCQSSfIC6anjcb1hue6y2A14lfkgYq0R7Wvw axpHkKwlBOtA58LzNhQZRhlMOsNsg1ZIROyAgCSwVJQYfF4uQZv rBKjBOpbAmDF+rviYKkWk/TyHamxIz1qjcX//OC3CQ3YcFElhsQ dLkoyTk2Es//xzFTQA2fWkKoYvZWTMdEEWpsSjUbgr/68jrpNl 3fc/37q0bLLeOoojN0ji6Rj65RC92hNuogiiR6Rq/ozTHOi/Puf CxbK045c4r+wPn8AbUOkMw=</latexit><latexit sha1_base64="Twgy 6C+JCpQ8FUdq+jxjvo07J6U=">AAAB8nicbVBNS8NAEN3Ur1q/ qh69LBbBU0iKoMeCF48V7AekoWw2k3bpZjfsbsQS+jO8eFDEq7/ Gm//GbZuDtj4YeLw3w8y8KONMG8/7diobm1vbO9Xd2t7+weFR/ fikq2WuKHSo5FL1I6KBMwEdwwyHfqaApBGHXjS5nfu9R1CaSfFg phmEKRkJljBKjJWCQSSfIC6anjcb1hue6y2A14lfkgYq0R7Wvw axpHkKwlBOtA58LzNhQZRhlMOsNsg1ZIROyAgCSwVJQYfF4uQZv rBKjBOpbAmDF+rviYKkWk/TyHamxIz1qjcX//OC3CQ3YcFElhsQ dLkoyTk2Es//xzFTQA2fWkKoYvZWTMdEEWpsSjUbgr/68jrpNl 3fc/37q0bLLeOoojN0ji6Rj65RC92hNuogiiR6Rq/ozTHOi/Puf CxbK045c4r+wPn8AbUOkMw=</latexit>
400
<latexit sha1_base64="FF11 VeWY8YuRaNBlCM4SXxFyGK0=">AAAB8nicbVBNS8NAEN3Ur1q/ qh69LBbBU0ikoMeCF48V7AekoWw2k3bpZjfsbsQS+jO8eFDEq7/ Gm//GbZuDtj4YeLw3w8y8KONMG8/7diobm1vbO9Xd2t7+weFR/ fikq2WuKHSo5FL1I6KBMwEdwwyHfqaApBGHXjS5nfu9R1CaSfFg phmEKRkJljBKjJWCQSSfIC6anjcb1hue6y2A14lfkgYq0R7Wvw axpHkKwlBOtA58LzNhQZRhlMOsNsg1ZIROyAgCSwVJQYfF4uQZv rBKjBOpbAmDF+rviYKkWk/TyHamxIz1qjcX//OC3CQ3YcFElhsQ dLkoyTk2Es//xzFTQA2fWkKoYvZWTMdEEWpsSjUbgr/68jrpXr m+5/r3zUbLLeOoojN0ji6Rj65RC92hNuogiiR6Rq/ozTHOi/Puf CxbK045c4r+wPn8AbgckM4=</latexit><latexit sha1_base64="FF11 VeWY8YuRaNBlCM4SXxFyGK0=">AAAB8nicbVBNS8NAEN3Ur1q/ qh69LBbBU0ikoMeCF48V7AekoWw2k3bpZjfsbsQS+jO8eFDEq7/ Gm//GbZuDtj4YeLw3w8y8KONMG8/7diobm1vbO9Xd2t7+weFR/ fikq2WuKHSo5FL1I6KBMwEdwwyHfqaApBGHXjS5nfu9R1CaSfFg phmEKRkJljBKjJWCQSSfIC6anjcb1hue6y2A14lfkgYq0R7Wvw axpHkKwlBOtA58LzNhQZRhlMOsNsg1ZIROyAgCSwVJQYfF4uQZv rBKjBOpbAmDF+rviYKkWk/TyHamxIz1qjcX//OC3CQ3YcFElhsQ dLkoyTk2Es//xzFTQA2fWkKoYvZWTMdEEWpsSjUbgr/68jrpXr m+5/r3zUbLLeOoojN0ji6Rj65RC92hNuogiiR6Rq/ozTHOi/Puf CxbK045c4r+wPn8AbgckM4=</latexit><latexit sha1_base64="FF11 VeWY8YuRaNBlCM4SXxFyGK0=">AAAB8nicbVBNS8NAEN3Ur1q/ qh69LBbBU0ikoMeCF48V7AekoWw2k3bpZjfsbsQS+jO8eFDEq7/ Gm//GbZuDtj4YeLw3w8y8KONMG8/7diobm1vbO9Xd2t7+weFR/ fikq2WuKHSo5FL1I6KBMwEdwwyHfqaApBGHXjS5nfu9R1CaSfFg phmEKRkJljBKjJWCQSSfIC6anjcb1hue6y2A14lfkgYq0R7Wvw axpHkKwlBOtA58LzNhQZRhlMOsNsg1ZIROyAgCSwVJQYfF4uQZv rBKjBOpbAmDF+rviYKkWk/TyHamxIz1qjcX//OC3CQ3YcFElhsQ dLkoyTk2Es//xzFTQA2fWkKoYvZWTMdEEWpsSjUbgr/68jrpXr m+5/r3zUbLLeOoojN0ji6Rj65RC92hNuogiiR6Rq/ozTHOi/Puf CxbK045c4r+wPn8AbgckM4=</latexit><latexit sha1_base64="hP+6 LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86 Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC9 3vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo 2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQr MMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhE FBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv39 4uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJ NChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXE EIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</lat exit><latexit sha1_base64="zHCt urN4AtmMZ5py/EaedSd3nX8=">AAAB53icbZDNSgMxFIXv1L9a q1a3bgaL4KpkRNCl4MZlBdsK06FkMpk2NJMMyR2xDH0MNy4U8Y3 c+TamPwttPRD4OCch9544l8IiId9eZWNza3unulvbq+8fHDaO6 l2rC8N4h2mpzWNMLZdC8Q4KlPwxN5xmseS9eHw7y3tP3Fih1QNO ch5ldKhEKhhFZ4X9WD/zpLwkZDpoNEmLzOWvQ7CEJizVHjS++o lmRcYVMkmtDQOSY1RSg4JJPq31C8tzysZ0yEOHimbcRuV85Kl/5 pzET7VxR6E/d3+/KGlm7SSL3c2M4siuZjPzvywsML2OSqHyArli i4/SQvqo/dn+fiIMZygnDigzws3qsxE1lKFrqeZKCFZXXofuRS sgreCeQBVO4BTOIYAruIE7aEMHGGh4gTd499B79T4WdVW8ZW/H8 Efe5w+AZI+F</latexit><latexit sha1_base64="zHCt urN4AtmMZ5py/EaedSd3nX8=">AAAB53icbZDNSgMxFIXv1L9a q1a3bgaL4KpkRNCl4MZlBdsK06FkMpk2NJMMyR2xDH0MNy4U8Y3 c+TamPwttPRD4OCch9544l8IiId9eZWNza3unulvbq+8fHDaO6 l2rC8N4h2mpzWNMLZdC8Q4KlPwxN5xmseS9eHw7y3tP3Fih1QNO ch5ldKhEKhhFZ4X9WD/zpLwkZDpoNEmLzOWvQ7CEJizVHjS++o lmRcYVMkmtDQOSY1RSg4JJPq31C8tzysZ0yEOHimbcRuV85Kl/5 pzET7VxR6E/d3+/KGlm7SSL3c2M4siuZjPzvywsML2OSqHyArli i4/SQvqo/dn+fiIMZygnDigzws3qsxE1lKFrqeZKCFZXXofuRS sgreCeQBVO4BTOIYAruIE7aEMHGGh4gTd499B79T4WdVW8ZW/H8 Efe5w+AZI+F</latexit><latexit sha1_base64="FF0x 4SaQaIp+mzwzlUOTo65A/gE=">AAAB8nicbVBNSwMxEJ2tX7V+ VT16CRbBU8mKoMeCF48VbCtsl5LNZtvQbLIkWbEs/RlePCji1V/ jzX9j2u5BWx8MPN6bYWZelAluLMbfXmVtfWNzq7pd29nd2z+oH x51jco1ZR2qhNIPETFMcMk6llvBHjLNSBoJ1ovGNzO/98i04Ure 20nGwpQMJU84JdZJQT9STywuLjGeDuoN3MRzoFXil6QBJdqD+l c/VjRPmbRUEGMCH2c2LIi2nAo2rfVzwzJCx2TIAkclSZkJi/nJU 3TmlBglSruSFs3V3xMFSY2ZpJHrTIkdmWVvJv7nBblNrsOCyyy3 TNLFoiQXyCo0+x/FXDNqxcQRQjV3tyI6IppQ61KquRD85ZdXSf ei6eOmf4cbrWYZRxVO4BTOwYcraMEttKEDFBQ8wyu8edZ78d69j 0VrxStnjuEPvM8fttyQyg==</latexit><latexit sha1_base64="FF11 VeWY8YuRaNBlCM4SXxFyGK0=">AAAB8nicbVBNS8NAEN3Ur1q/ qh69LBbBU0ikoMeCF48V7AekoWw2k3bpZjfsbsQS+jO8eFDEq7/ Gm//GbZuDtj4YeLw3w8y8KONMG8/7diobm1vbO9Xd2t7+weFR/ fikq2WuKHSo5FL1I6KBMwEdwwyHfqaApBGHXjS5nfu9R1CaSfFg phmEKRkJljBKjJWCQSSfIC6anjcb1hue6y2A14lfkgYq0R7Wvw axpHkKwlBOtA58LzNhQZRhlMOsNsg1ZIROyAgCSwVJQYfF4uQZv rBKjBOpbAmDF+rviYKkWk/TyHamxIz1qjcX//OC3CQ3YcFElhsQ dLkoyTk2Es//xzFTQA2fWkKoYvZWTMdEEWpsSjUbgr/68jrpXr m+5/r3zUbLLeOoojN0ji6Rj65RC92hNuogiiR6Rq/ozTHOi/Puf CxbK045c4r+wPn8AbgckM4=</latexit><latexit sha1_base64="FF11 VeWY8YuRaNBlCM4SXxFyGK0=">AAAB8nicbVBNS8NAEN3Ur1q/ qh69LBbBU0ikoMeCF48V7AekoWw2k3bpZjfsbsQS+jO8eFDEq7/ Gm//GbZuDtj4YeLw3w8y8KONMG8/7diobm1vbO9Xd2t7+weFR/ fikq2WuKHSo5FL1I6KBMwEdwwyHfqaApBGHXjS5nfu9R1CaSfFg phmEKRkJljBKjJWCQSSfIC6anjcb1hue6y2A14lfkgYq0R7Wvw axpHkKwlBOtA58LzNhQZRhlMOsNsg1ZIROyAgCSwVJQYfF4uQZv rBKjBOpbAmDF+rviYKkWk/TyHamxIz1qjcX//OC3CQ3YcFElhsQ dLkoyTk2Es//xzFTQA2fWkKoYvZWTMdEEWpsSjUbgr/68jrpXr m+5/r3zUbLLeOoojN0ji6Rj65RC92hNuogiiR6Rq/ozTHOi/Puf CxbK045c4r+wPn8AbgckM4=</latexit><latexit sha1_base64="FF11 VeWY8YuRaNBlCM4SXxFyGK0=">AAAB8nicbVBNS8NAEN3Ur1q/ qh69LBbBU0ikoMeCF48V7AekoWw2k3bpZjfsbsQS+jO8eFDEq7/ Gm//GbZuDtj4YeLw3w8y8KONMG8/7diobm1vbO9Xd2t7+weFR/ fikq2WuKHSo5FL1I6KBMwEdwwyHfqaApBGHXjS5nfu9R1CaSfFg phmEKRkJljBKjJWCQSSfIC6anjcb1hue6y2A14lfkgYq0R7Wvw axpHkKwlBOtA58LzNhQZRhlMOsNsg1ZIROyAgCSwVJQYfF4uQZv rBKjBOpbAmDF+rviYKkWk/TyHamxIz1qjcX//OC3CQ3YcFElhsQ dLkoyTk2Es//xzFTQA2fWkKoYvZWTMdEEWpsSjUbgr/68jrpXr m+5/r3zUbLLeOoojN0ji6Rj65RC92hNuogiiR6Rq/ozTHOi/Puf CxbK045c4r+wPn8AbgckM4=</latexit><latexit sha1_base64="FF11 VeWY8YuRaNBlCM4SXxFyGK0=">AAAB8nicbVBNS8NAEN3Ur1q/ qh69LBbBU0ikoMeCF48V7AekoWw2k3bpZjfsbsQS+jO8eFDEq7/ Gm//GbZuDtj4YeLw3w8y8KONMG8/7diobm1vbO9Xd2t7+weFR/ fikq2WuKHSo5FL1I6KBMwEdwwyHfqaApBGHXjS5nfu9R1CaSfFg phmEKRkJljBKjJWCQSSfIC6anjcb1hue6y2A14lfkgYq0R7Wvw axpHkKwlBOtA58LzNhQZRhlMOsNsg1ZIROyAgCSwVJQYfF4uQZv rBKjBOpbAmDF+rviYKkWk/TyHamxIz1qjcX//OC3CQ3YcFElhsQ dLkoyTk2Es//xzFTQA2fWkKoYvZWTMdEEWpsSjUbgr/68jrpXr m+5/r3zUbLLeOoojN0ji6Rj65RC92hNuogiiR6Rq/ozTHOi/Puf CxbK045c4r+wPn8AbgckM4=</latexit><latexit sha1_base64="FF11 VeWY8YuRaNBlCM4SXxFyGK0=">AAAB8nicbVBNS8NAEN3Ur1q/ qh69LBbBU0ikoMeCF48V7AekoWw2k3bpZjfsbsQS+jO8eFDEq7/ Gm//GbZuDtj4YeLw3w8y8KONMG8/7diobm1vbO9Xd2t7+weFR/ fikq2WuKHSo5FL1I6KBMwEdwwyHfqaApBGHXjS5nfu9R1CaSfFg phmEKRkJljBKjJWCQSSfIC6anjcb1hue6y2A14lfkgYq0R7Wvw axpHkKwlBOtA58LzNhQZRhlMOsNsg1ZIROyAgCSwVJQYfF4uQZv rBKjBOpbAmDF+rviYKkWk/TyHamxIz1qjcX//OC3CQ3YcFElhsQ dLkoyTk2Es//xzFTQA2fWkKoYvZWTMdEEWpsSjUbgr/68jrpXr m+5/r3zUbLLeOoojN0ji6Rj65RC92hNuogiiR6Rq/ozTHOi/Puf CxbK045c4r+wPn8AbgckM4=</latexit><latexit sha1_base64="FF11 VeWY8YuRaNBlCM4SXxFyGK0=">AAAB8nicbVBNS8NAEN3Ur1q/ qh69LBbBU0ikoMeCF48V7AekoWw2k3bpZjfsbsQS+jO8eFDEq7/ Gm//GbZuDtj4YeLw3w8y8KONMG8/7diobm1vbO9Xd2t7+weFR/ fikq2WuKHSo5FL1I6KBMwEdwwyHfqaApBGHXjS5nfu9R1CaSfFg phmEKRkJljBKjJWCQSSfIC6anjcb1hue6y2A14lfkgYq0R7Wvw axpHkKwlBOtA58LzNhQZRhlMOsNsg1ZIROyAgCSwVJQYfF4uQZv rBKjBOpbAmDF+rviYKkWk/TyHamxIz1qjcX//OC3CQ3YcFElhsQ dLkoyTk2Es//xzFTQA2fWkKoYvZWTMdEEWpsSjUbgr/68jrpXr m+5/r3zUbLLeOoojN0ji6Rj65RC92hNuogiiR6Rq/ozTHOi/Puf CxbK045c4r+wPn8AbgckM4=</latexit>
Analytical limit
<latexit sha1_base64="Jyvm vamEGl9jfoK2agvxzDJwx5c=">AAACAHicbVDLSsNAFJ3UV62v qAsXbgaL4CokIuiy4sZlBfuANpTJdNIOnUzCzI0YQjb+ihsXirj 1M9z5N07bLLT1wIXDOffO3HuCRHANrvttVVZW19Y3qpu1re2d3 T17/6Ct41RR1qKxiFU3IJoJLlkLOAjWTRQjUSBYJ5jcTP3OA1Oa x/IesoT5ERlJHnJKwEgD+6gP7BHya0lEBkYVWPCIQzGw667jzo CXiVeSOirRHNhf/WFM04hJoIJo3fPcBPycKPOqYEWtn2qWEDohI 9YzVJKIaT+fHVDgU6MMcRgrUxLwTP09kZNI6ywKTGdEYKwXvan4 n9dLIbzycy6TFJik84/CVGCI8TQNPOSKURCZIYQqbnbFdEwUoW Ayq5kQvMWTl0n73PFcx7u7qDecMo4qOkYn6Ax56BI10C1qohaiq EDP6BW9WU/Wi/VufcxbK1Y5c4j+wPr8AWT7ltc=</latexit><latexit sha1_base64="Jyvm vamEGl9jfoK2agvxzDJwx5c=">AAACAHicbVDLSsNAFJ3UV62v qAsXbgaL4CokIuiy4sZlBfuANpTJdNIOnUzCzI0YQjb+ihsXirj 1M9z5N07bLLT1wIXDOffO3HuCRHANrvttVVZW19Y3qpu1re2d3 T17/6Ct41RR1qKxiFU3IJoJLlkLOAjWTRQjUSBYJ5jcTP3OA1Oa x/IesoT5ERlJHnJKwEgD+6gP7BHya0lEBkYVWPCIQzGw667jzo CXiVeSOirRHNhf/WFM04hJoIJo3fPcBPycKPOqYEWtn2qWEDohI 9YzVJKIaT+fHVDgU6MMcRgrUxLwTP09kZNI6ywKTGdEYKwXvan4 n9dLIbzycy6TFJik84/CVGCI8TQNPOSKURCZIYQqbnbFdEwUoW Ayq5kQvMWTl0n73PFcx7u7qDecMo4qOkYn6Ax56BI10C1qohaiq EDP6BW9WU/Wi/VufcxbK1Y5c4j+wPr8AWT7ltc=</latexit><latexit sha1_base64="Jyvm vamEGl9jfoK2agvxzDJwx5c=">AAACAHicbVDLSsNAFJ3UV62v qAsXbgaL4CokIuiy4sZlBfuANpTJdNIOnUzCzI0YQjb+ihsXirj 1M9z5N07bLLT1wIXDOffO3HuCRHANrvttVVZW19Y3qpu1re2d3 T17/6Ct41RR1qKxiFU3IJoJLlkLOAjWTRQjUSBYJ5jcTP3OA1Oa x/IesoT5ERlJHnJKwEgD+6gP7BHya0lEBkYVWPCIQzGw667jzo CXiVeSOirRHNhf/WFM04hJoIJo3fPcBPycKPOqYEWtn2qWEDohI 9YzVJKIaT+fHVDgU6MMcRgrUxLwTP09kZNI6ywKTGdEYKwXvan4 n9dLIbzycy6TFJik84/CVGCI8TQNPOSKURCZIYQqbnbFdEwUoW Ayq5kQvMWTl0n73PFcx7u7qDecMo4qOkYn6Ax56BI10C1qohaiq EDP6BW9WU/Wi/VufcxbK1Y5c4j+wPr8AWT7ltc=</latexit><latexit sha1_base64="Jyvm vamEGl9jfoK2agvxzDJwx5c=">AAACAHicbVDLSsNAFJ3UV62v qAsXbgaL4CokIuiy4sZlBfuANpTJdNIOnUzCzI0YQjb+ihsXirj 1M9z5N07bLLT1wIXDOffO3HuCRHANrvttVVZW19Y3qpu1re2d3 T17/6Ct41RR1qKxiFU3IJoJLlkLOAjWTRQjUSBYJ5jcTP3OA1Oa x/IesoT5ERlJHnJKwEgD+6gP7BHya0lEBkYVWPCIQzGw667jzo CXiVeSOirRHNhf/WFM04hJoIJo3fPcBPycKPOqYEWtn2qWEDohI 9YzVJKIaT+fHVDgU6MMcRgrUxLwTP09kZNI6ywKTGdEYKwXvan4 n9dLIbzycy6TFJik84/CVGCI8TQNPOSKURCZIYQqbnbFdEwUoW Ayq5kQvMWTl0n73PFcx7u7qDecMo4qOkYn6Ax56BI10C1qohaiq EDP6BW9WU/Wi/VufcxbK1Y5c4j+wPr8AWT7ltc=</latexit>
1
<latexit sha1_base64="ejRH JpiobCdPBf4nMaTXzw7O5Wc=">AAAB9XicbVBNS8NAEN34WetX 1aOXxSJ4CokIeix48VjBfkBTy2YzaZdudsPuRg2h/8OLB0W8+l+ 8+W/ctjlo64OBx3szzMwLU8608bxvZ2V1bX1js7JV3d7Z3duvH Ry2tcwUhRaVXKpuSDRwJqBlmOHQTRWQJOTQCcfXU7/zAEozKe5M nkI/IUPBYkaJsdJ9EMoniIqAidjkk0Gt7rneDHiZ+CWpoxLNQe 0riCTNEhCGcqJ1z/dS0y+IMoxymFSDTENK6JgMoWepIAnofjG7e oJPrRLhWCpbwuCZ+nuiIInWeRLazoSYkV70puJ/Xi8z8VW/YCLN DAg6XxRnHBuJpxHgiCmghueWEKqYvRXTEVGEGhtU1YbgL768TN rnru+5/u1FveGWcVTQMTpBZ8hHl6iBblATtRBFCj2jV/TmPDovz rvzMW9dccqZI/QHzucPKh2S3g==</latexit><latexit sha1_base64="ejRH JpiobCdPBf4nMaTXzw7O5Wc=">AAAB9XicbVBNS8NAEN34WetX 1aOXxSJ4CokIeix48VjBfkBTy2YzaZdudsPuRg2h/8OLB0W8+l+ 8+W/ctjlo64OBx3szzMwLU8608bxvZ2V1bX1js7JV3d7Z3duvH Ry2tcwUhRaVXKpuSDRwJqBlmOHQTRWQJOTQCcfXU7/zAEozKe5M nkI/IUPBYkaJsdJ9EMoniIqAidjkk0Gt7rneDHiZ+CWpoxLNQe 0riCTNEhCGcqJ1z/dS0y+IMoxymFSDTENK6JgMoWepIAnofjG7e oJPrRLhWCpbwuCZ+nuiIInWeRLazoSYkV70puJ/Xi8z8VW/YCLN DAg6XxRnHBuJpxHgiCmghueWEKqYvRXTEVGEGhtU1YbgL768TN rnru+5/u1FveGWcVTQMTpBZ8hHl6iBblATtRBFCj2jV/TmPDovz rvzMW9dccqZI/QHzucPKh2S3g==</latexit><latexit sha1_base64="ejRH JpiobCdPBf4nMaTXzw7O5Wc=">AAAB9XicbVBNS8NAEN34WetX 1aOXxSJ4CokIeix48VjBfkBTy2YzaZdudsPuRg2h/8OLB0W8+l+ 8+W/ctjlo64OBx3szzMwLU8608bxvZ2V1bX1js7JV3d7Z3duvH Ry2tcwUhRaVXKpuSDRwJqBlmOHQTRWQJOTQCcfXU7/zAEozKe5M nkI/IUPBYkaJsdJ9EMoniIqAidjkk0Gt7rneDHiZ+CWpoxLNQe 0riCTNEhCGcqJ1z/dS0y+IMoxymFSDTENK6JgMoWepIAnofjG7e oJPrRLhWCpbwuCZ+nuiIInWeRLazoSYkV70puJ/Xi8z8VW/YCLN DAg6XxRnHBuJpxHgiCmghueWEKqYvRXTEVGEGhtU1YbgL768TN rnru+5/u1FveGWcVTQMTpBZ8hHl6iBblATtRBFCj2jV/TmPDovz rvzMW9dccqZI/QHzucPKh2S3g==</latexit><latexit sha1_base64="ejRH JpiobCdPBf4nMaTXzw7O5Wc=">AAAB9XicbVBNS8NAEN34WetX 1aOXxSJ4CokIeix48VjBfkBTy2YzaZdudsPuRg2h/8OLB0W8+l+ 8+W/ctjlo64OBx3szzMwLU8608bxvZ2V1bX1js7JV3d7Z3duvH Ry2tcwUhRaVXKpuSDRwJqBlmOHQTRWQJOTQCcfXU7/zAEozKe5M nkI/IUPBYkaJsdJ9EMoniIqAidjkk0Gt7rneDHiZ+CWpoxLNQe 0riCTNEhCGcqJ1z/dS0y+IMoxymFSDTENK6JgMoWepIAnofjG7e oJPrRLhWCpbwuCZ+nuiIInWeRLazoSYkV70puJ/Xi8z8VW/YCLN DAg6XxRnHBuJpxHgiCmghueWEKqYvRXTEVGEGhtU1YbgL768TN rnru+5/u1FveGWcVTQMTpBZ8hHl6iBblATtRBFCj2jV/TmPDovz rvzMW9dccqZI/QHzucPKh2S3g==</latexit>
(a)
<latexit sha1 _base64="S9j1ymi0FWNLtFmj 9q4XYzOQqTw=">AAAB8XicbVBN S8NAEN34WetX1aOXxSLUS0mko MeCF48V7Ae2oWy2k3bpZhN2J2 IJ/RdePCji1X/jzX/jts1BWx8 MPN6bYWZekEhh0HW/nbX1jc2t7 cJOcXdv/+CwdHTcMnGqOTR5LG PdCZgBKRQ0UaCETqKBRYGEdjC +mfntR9BGxOoeJwn4ERsqEQrO0 EoPPYQnzCrsYtovld2qOwddJV 5OyiRHo1/66g1inkagkEtmTNd zE/QzplFwCdNiLzWQMD5mQ+ha qlgExs/mF0/puVUGNIy1LYV0rv 6eyFhkzCQKbGfEcGSWvZn4n9d NMbz2M6GSFEHxxaIwlRRjOnuf DoQGjnJiCeNa2FspHzHNONqQi jYEb/nlVdK6rHpu1burleu1PI4 COSVnpEI8ckXq5JY0SJNwosgz eSVvjnFenHfnY9G65uQzJ+QPn M8fSoaQmw==</latexit><latexit sha1 _base64="S9j1ymi0FWNLtFmj 9q4XYzOQqTw=">AAAB8XicbVBN S8NAEN34WetX1aOXxSLUS0mko MeCF48V7Ae2oWy2k3bpZhN2J2 IJ/RdePCji1X/jzX/jts1BWx8 MPN6bYWZekEhh0HW/nbX1jc2t7 cJOcXdv/+CwdHTcMnGqOTR5LG PdCZgBKRQ0UaCETqKBRYGEdjC +mfntR9BGxOoeJwn4ERsqEQrO0 EoPPYQnzCrsYtovld2qOwddJV 5OyiRHo1/66g1inkagkEtmTNd zE/QzplFwCdNiLzWQMD5mQ+ha qlgExs/mF0/puVUGNIy1LYV0rv 6eyFhkzCQKbGfEcGSWvZn4n9d NMbz2M6GSFEHxxaIwlRRjOnuf DoQGjnJiCeNa2FspHzHNONqQi jYEb/nlVdK6rHpu1burleu1PI4 COSVnpEI8ckXq5JY0SJNwosgz eSVvjnFenHfnY9G65uQzJ+QPn M8fSoaQmw==</latexit><latexit sha1 _base64="S9j1ymi0FWNLtFmj 9q4XYzOQqTw=">AAAB8XicbVBN S8NAEN34WetX1aOXxSLUS0mko MeCF48V7Ae2oWy2k3bpZhN2J2 IJ/RdePCji1X/jzX/jts1BWx8 MPN6bYWZekEhh0HW/nbX1jc2t7 cJOcXdv/+CwdHTcMnGqOTR5LG PdCZgBKRQ0UaCETqKBRYGEdjC +mfntR9BGxOoeJwn4ERsqEQrO0 EoPPYQnzCrsYtovld2qOwddJV 5OyiRHo1/66g1inkagkEtmTNd zE/QzplFwCdNiLzWQMD5mQ+ha qlgExs/mF0/puVUGNIy1LYV0rv 6eyFhkzCQKbGfEcGSWvZn4n9d NMbz2M6GSFEHxxaIwlRRjOnuf DoQGjnJiCeNa2FspHzHNONqQi jYEb/nlVdK6rHpu1burleu1PI4 COSVnpEI8ckXq5JY0SJNwosgz eSVvjnFenHfnY9G65uQzJ+QPn M8fSoaQmw==</latexit><latexit sha1 _base64="S9j1ymi0FWNLtFmj 9q4XYzOQqTw=">AAAB8XicbVBN S8NAEN34WetX1aOXxSLUS0mko MeCF48V7Ae2oWy2k3bpZhN2J2 IJ/RdePCji1X/jzX/jts1BWx8 MPN6bYWZekEhh0HW/nbX1jc2t7 cJOcXdv/+CwdHTcMnGqOTR5LG PdCZgBKRQ0UaCETqKBRYGEdjC +mfntR9BGxOoeJwn4ERsqEQrO0 EoPPYQnzCrsYtovld2qOwddJV 5OyiRHo1/66g1inkagkEtmTNd zE/QzplFwCdNiLzWQMD5mQ+ha qlgExs/mF0/puVUGNIy1LYV0rv 6eyFhkzCQKbGfEcGSWvZn4n9d NMbz2M6GSFEHxxaIwlRRjOnuf DoQGjnJiCeNa2FspHzHNONqQi jYEb/nlVdK6rHpu1burleu1PI4 COSVnpEI8ckXq5JY0SJNwosgz eSVvjnFenHfnY9G65uQzJ+QPn M8fSoaQmw==</latexit>
(b)
<latexit sha1_base64="QH2Fd1TG7/ENbRB94ztS5Hcx1zg=" >AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeCF48V7Ae2oWy2m3bpZhN2J2IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh 0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKDz3kT5hVg otpv1R2q+4cZJV4OSlDjka/9NUbxCyNuEImqTFdz03Qz6hGwSSfFnup4QllYzrkXUsVjbjxs/nFU3JulQEJY21LIZmrvycyGhkziQ LbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZvU8GQnOGcmIJZVrYWwkbUU0Z2pCKNgRv+eVV0rqsem7Vu6uV67U8jgKcwhlUwIM rqMMtNKAJDBQ8wyu8OcZ5cd6dj0XrmpPPnMAfOJ8/TAyQnA==</latexit><latexit sha1_base64="QH2Fd1TG7/ENbRB94ztS5Hcx1zg=" >AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeCF48V7Ae2oWy2m3bpZhN2J2IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh 0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKDz3kT5hVg otpv1R2q+4cZJV4OSlDjka/9NUbxCyNuEImqTFdz03Qz6hGwSSfFnup4QllYzrkXUsVjbjxs/nFU3JulQEJY21LIZmrvycyGhkziQ LbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZvU8GQnOGcmIJZVrYWwkbUU0Z2pCKNgRv+eVV0rqsem7Vu6uV67U8jgKcwhlUwIM rqMMtNKAJDBQ8wyu8OcZ5cd6dj0XrmpPPnMAfOJ8/TAyQnA==</latexit><latexit sha1_base64="QH2Fd1TG7/ENbRB94ztS5Hcx1zg=" >AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeCF48V7Ae2oWy2m3bpZhN2J2IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh 0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKDz3kT5hVg otpv1R2q+4cZJV4OSlDjka/9NUbxCyNuEImqTFdz03Qz6hGwSSfFnup4QllYzrkXUsVjbjxs/nFU3JulQEJY21LIZmrvycyGhkziQ LbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZvU8GQnOGcmIJZVrYWwkbUU0Z2pCKNgRv+eVV0rqsem7Vu6uV67U8jgKcwhlUwIM rqMMtNKAJDBQ8wyu8OcZ5cd6dj0XrmpPPnMAfOJ8/TAyQnA==</latexit><latexit sha1_base64="QH2Fd1TG7/ENbRB94ztS5Hcx1zg=" >AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeCF48V7Ae2oWy2m3bpZhN2J2IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh 0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKDz3kT5hVg otpv1R2q+4cZJV4OSlDjka/9NUbxCyNuEImqTFdz03Qz6hGwSSfFnup4QllYzrkXUsVjbjxs/nFU3JulQEJY21LIZmrvycyGhkziQ LbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZvU8GQnOGcmIJZVrYWwkbUU0Z2pCKNgRv+eVV0rqsem7Vu6uV67U8jgKcwhlUwIM rqMMtNKAJDBQ8wyu8OcZ5cd6dj0XrmpPPnMAfOJ8/TAyQnA==</latexit>
L˜max = 4
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FIG. 3. (a) Variations of the efficiency with the spheres size ratio, for different values of maximum allowable arm length L˜max.
The dashed line indicates the efficiency for the limiting case at which L˜max → ∞. (b) Efficiency versus maximum allowable
arm length for different size ratios. Solid lines are the computational results and dashed lines are those of the limiting case.
Colors (and symbols) refer to size ratios. See ancillary files for races between swimmers with different size ratios and maximum
allowable arm lengths.
side spheres are around 20% larger than the middle one.
On the other hand, as expected, efficiency monotonically rises with increasing the maximum allowable arm length,
as shown in Fig. 3(b). As Lmax increases, the swimmer can further extend its body, allowing for more propulsive
thrust. Thus, U¯ rises, but so does the viscous dissipations. While the increase of the former is shown to be always
faster than the latter, the efficiency seems to plateau for very large values of L˜max. Indeed, by allowing for larger
body extensions, we cannot increase the efficiency of the swimmer indefinitely, and there exists an upper limit that
the efficiency tends toward when L˜max → ∞. To find this upper limit, we consider a swimmer for which there are
no length constraints on the arms. As shown earlier, this swimmer has a three-step motion, depicted in Fig. 2(b).
At the first step, sphere A moves away from spheres B and C. Since L˜max is infinitely large and that hydrodynamic
interactions decay quadratically with distance [45, 46], one may neglect the hydrodynamic interactions between sphere
A and the other two spheres. Under this approximation, and recalling that spheres B and C do not have any relative
motion in this step, we can alternatively formulate the drag law as[
fA
f(BC)
]
=
[
RAA 0
0 R(BC)(BC)
] [
UA
U(BC)
]
. (10)
Here, we have grouped spheres B and C as a single particle, namely particle (BC), and diagonalized the resistance
tensor by ignoring hydrodynamic interactions between assembly (BC) and sphere A. In the second step, sphere B
separates from sphere C and moves toward sphere A. Relying on the same argument provided for the first step, this
time, we neglect the hydrodynamic interactions between all the spheres and arrive atfAfB
fC
 =
RAA 0 00 RBB 0
0 0 RCC
 UAUB
UC
 . (11)
Finally, for the third step, we group spheres A and B and so the drag law is reduced to[
f(AB)
fC
]
=
[
R(AB)(AB) 0
0 RCC
] [
U(AB)
UC
]
. (12)
These equations, combined with Eqs. (2) and (3), can simply be solved and the net displacement and dissipated
power at each step can be found. Note that here the resistance tensors are exactly known. For the “isolated” spheres,
we have RAA = RCC = 6piµr1, and RBB = 6piµr2. For the two-sphere assemblies, we use the exact solutions for
motion of two spheres in Stokes flow, obtained by Stimson and Jeffery [47], and Maude [48] (also see [49] for some
6corrections). For instance, when r1 = r2, we have R(AB)(AB) = R(BC)(BC) ≈ 7.74piµr1. Now to find the efficiency in
this limiting case, we need to determine the net displacement and the net power. However, one cannot simply add the
contribution of these three steps, as the period may not be equally divided between them; the swimmer may spend
more time in a step compared to another. Relying on the fact that the rate of energy dissipation must be constant
throughout an optimal stroke [40], we simply find the portion of the period spent on each step, use that to find the net
displacement and power, and finally calculate the efficiency. We see that this limiting case indeed sets the upper limit
for the efficiencies, as shown by dashed lines in Fig. 3. Interestingly, the optimal size ratio of ∼ 1.2 is also accurately
captured in this analytical limit.
IV. CONCLUSION
We have determined the efficiency limits and optimal strokes for the three-sphere swimmer with no other constraints
than the maximal allowed arm extension. This result gives us the minimum power needed for the locomotion of a
three-sphere swimmer with a given total volume at a given speed. Whereas the previous studies assumed spheres
of equal sizes, we show that the efficiency can be improved if the side spheres are 20% larger than the central one.
Depending on the allowed extension, the optimal trajectories change their shape from a 4-point to a 3-point cycle. We
can finally state that to have the most efficient three-sphere swimmer, the arms should be able to extend indefinitely
and they should follow a three-step motion shown in Fig. 2. All these combined, the absolute upper limit for the three-
sphere swimmer is found to be 1.17%. It is interesting to note that the efficiency limit of the three-sphere swimmer is
of the same order of magnitude as that of a ciliated microorganism [4], a bacterium with a rotary flagellum [13] and
somewhat lower than the efficiency of beating flagella (6 % [50]).
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